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FOREWORD

This volume contains the detailed results of the navigation and guidance

analysis performed uncer contract NAS 8 ii198 for Marshall Space Flight

Center. These results are summarized in Volume I of this report. The

tables and figured referenced in this volume are contained in Volume III

of this report.
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ABSTRACT

The primary objective of Contract NAS 8-11198 is to establish the

basic requirements for an Advanced Spaceborne Detection, Tracking, and

Navigation System capable of performing interplanetary missions. The study

has been restricted to an analysis of navigation and guidance requirements

during the midcourse and orbital phases of a 1975 round-trip Mars mission.

The guidance and navigation requirements for the powered flight and/or atmos-

pheric maneuvering phases have not been analyzed. The 532 day round-trip

trajectory which is used has high energies on both the Earth-to-Mars leg and

the return. A low energy Earth-Mars trajectory is also used to determine

the influence of the trajectory itself on the results which are obtained.

Four navigation system configurations are evaluated under the assumption

that the observation data are processed with a minimum variance Kalman filter

to estimate the vehicle state.

The results of this evaluation for the Deep Space Instrumentation

Facility (DSIF) Tracking network (System I), shows that this system is

capable of an ultimate guidance accuracy at Mars of approximately +i00 km.

This accuracy is obtained with present-day DSIF measurement capabilities

and under the assumption that uncertainties in bias error sources (e.g.,

tracking station locations and physical constants) will have been removed

by their estimation on earlier missions. Bias errors in the tracker station

locations of 100 meters east and north degrade the DSIF accuracy at Mars to

_+250 km. These results are quite trajectory-dependent. The DSIF tracking

accuracy at Mars on the low-energy trajectory is _+25 km.

The use of onboard theodolite or sextant navigation data in addi-

tion to the DSIF data (System II) improves the guidance accuracy at Mars

by approximately two orders of magnitude. The onboard observations taken

with this system are restricted in time to allow for (i) Earth-based

-ill-
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computations of state from the data, and (2) ground conm_nd of midcourse

connections. A 12-arc-second instrument with the DSIF is capable of a

guidance accuracy at Mars of T 3.5 km. This system accuracy provides a

three sigma confidence of hitting a 21 km atmospheric entry corridor at

Mars. These results are obtained under the restrictions of the particular

observation schedule which is used and the assumption of no uncertainties

in the physical constants. Relaxing the instrument accuracy to 60 arc

seconds results in a guidance accuracy at Mars of • 9.1 km. The results

for this system are not highly trajectory-dependent.

System III is similiar to System II, but it assumes the addition

of an onboard computer which is capable of performing the navigation and

guidance computations. As a result, the period of time required to trans-

mit guidance commands from Earth can be used to obtain a better estimate of

the state before the maneuver is executed. This type of system, which

utilizes Earth-based tracking with a complete onboard navigation system,

could be used as a primary system for a manned mission to Mars. The results

indicate that System III is capable of a guidance accuracy of _ 3.5 km at

Mars with an 18-arc-second instrument. The guidance accuracy with a 60-

arc-second is T 7.9 km. On the Mars-Earth return trajectory, the use of

DSIF tracking alone provides a guidance accuracy at perigee of _2.2 km.,

_his perigee accuracy is sufficient to hit an atmospheric entry corridor

if it is required. In fact, the results indicate that, on the return

trajectory, there is no requirement for an onboard instrument with this

system. Also, these results are not highly trajectory-dependent.

The last navigation system which is evaluated (System IV) is rep-

resentative of the type of system which could be used as a backup in the

event of a ground communication failure on a manned mission. It has a

complete onboard navigation system with no reliance on Earth-based tracking

-iv-
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facilities. The results which are presented have been obtained with an

ideal physical model and a particular onboard observation schedule for a

theodolite. The techniques used to select the schedule are presented in

the report. This system requires a 4-arc-second instrument on both the

outboard and return trajectories to achieve _ 3.5 km end point guidance

accuracies at Mars and Earth. With a 60-arc-second instrument, the

guidance deviations at Mars and Earth are _+ 36 km and _+ 39 kin, respectively.

The requirement of a 4-arc-second instrument to hit an entry corridor

can be altered significantly by including additional measurements or

changes in the observation schedule. If subtended angle range measurements

are taken during the approach to Mars and Moon observations are added to

the schedule on the Earth return, the instrument accuracy can be relaxed

to approximately 10-arc-seconds and a + 35 km guidance accuracy can still

be maintained at both Mars and Earth. The guidance accuracy of System IV

is slightly better on the low-energy outbound trajectory and the Venus

swingby return than on the nominal round-trip trajectory.

The guidance accuracies which are stated above, assume impulsive

velocity changes and have been obtained with a "nominal" guidance system.

The error magnitudes of this system are: (1) 0.5 degrees pointing error,

(2) 1 percent proportional error, and (3) 0.1 meter/second resolution

error. Using this guidance system and three corrections with Systems II

and Ill and four corrections with Systems IV, the deviations in the end

constraints are 10-20 percent larger than the error in estimate of the

constraints. A parametric analysis of the guidance system error sources:

indicates that the resolution error limits the performance after the final

correction.

The midcourse velocity corrections for System IV, with a 10-arc-

second instrument require 23 meters/second on the outhoused trajectory

-V-
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and Ii0 maters/second on the return trajectory. These velocity require-

manta are quite dependent on the initial velocity state deviations that

are assumed at injection from the Earth park orbit and upon leaving the

Mars orbit for the return phase.

The results which are obtained on a Venus swingby return trajectory

indicate that this type of trajectory does not require any special naviga-

tion requirements. The mldcourse velocity requirements are approximately

250 meters/second, which is twice as large as is required on the direct

return trajectory. These velocity requirements are obtained by using a

fixed time-of-arrival guidance law at both Venus and Earth.

The navigation capabilities of three of the basic systems are also

determined for the Martian orbit phase. The results are presented in

terms of components of position and velocity uncertainties that are in the

orbit plane and normal to it, as well as in terms of the six orbital

elemants. A study of DSIF tracking for various angles between the Earth-

Mars llne and its projection in the orbit plane, shows that the best

accuracy for this system is obtained when the angle is 90 degrees.

The best overall accuracies for any of the systems are obtained

with DSIF tracking and sextant observations. This results in position

and velocity uncertainties of 0.2km and 0.15 m/sec, respectively, at the

end of 72 hours of tracking. The onboard navigation system (System IV)

with only sextant observations can achieve accuracies of 0.8 km

and 0.6 m/sec. The other navigation systems with DSIF and onboard radar,

subtended angle, and radar measurements result in significantly poorer

estimates in position and velocity. These results have been obtained

using the nominal park orbit. The angle between the Earth-Mars line

and its projection in the nominal park orbit plane is 6.0 degrees.

i
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LIST OF SYMBOLS

MATRICES

B(t)

C(T)

C

D(T,t)

F(t)

H

I

K

M

P

Q

I;t )
0

_u(tl;to )

PAR

DEV

EST

input matrix for variational equations.

transformation from state vector to constraint vector.

correlation matrix between estimated state and unknown random

parameters.

matrix relating changes in the state at time t to changes in

the end-constraints at time T.

state matrix for the variational equations.

gradient of the measurement with respect to the state.

identity matrix.

Optimal gain for the Kalman filter.

covarlance matrix of unknown parameters in equations of motion.

covarlance matrix of the error in estimate of the vehicle state

after a measurement.

covarlance matrix of measurement errors.

state transltion matrix (relates changes in the state at t

to changes in the state at tl). o

control transition matrix (relates changes in the control at

to to changes in the state at tl).

covariance matrix of the deviation state.

third-order covariance matrix of end-constralnt deviations.

thlrd-order covarlance matrix of error in estimate of end-

constraints.

VECTORS

B target miss vector.

guidance system execution error vector.

unit vector in orbit plane normal to V

unit vector along vehicle velocity vector.

unit vector normal to orbit plane.

-vii-

'HILCO. WDL DIVISION



WDL-TR2629

VECTORS

U

u

V

?

2

X

x

x

x

-g

Y

Y

z

unit vectors of the target constraint coordinates.

direction of zero LOS rate.

direction of maximum LOS rate.

nominal control vector.

deviation control vector.

inertial velocity vector of vehicle relative to body of

greatest attraction.

unit vectors of target centered coordinate system.

nominal state vector.

third-order position deviation state vector.

sixth-order deviation state vector.

mean value of x.

estimate of deviation state

error in estimate of deviation state.

optimal estimate of the state after an observation.

measurement.

measurement deviation.

expanded deviation state vector which includes equation of
motion and measurement error constants.

SCALAR CONSTANTS, VARIABLES AND FUNCTIONS

a

e

i

L

p(x)

q

semi-major axis of an orbit.

expected value of the function of x.

eccentricity of an orbit.

orbit plane inclination.

loss function minimized by the Kalman filter.

probability density function

radius of closest approach for an orbit.
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SCALAR CONSTANTS, VARIABLES AND FUNCTIONS

5

g

u

0)

n

_p

c;R

v

vehicle velocity at an infinite distance from a body.

RMS values of required velocity at a guidance correction

- _ trace E(_g_g T )

a constant used to account for an onboard monitor for guidance

corrections.

separation angle for two star-planet measurements.

reference direction for sextant measurements.

true anomaly angle.

gravitational constant.

standard deviation (when used with a subscript, the subscript

denotes the quantity for which _ is obtained).

argument of perifocus.

longitude of ascending node.

standard deviation of pointing error.

standard deviation of resolution error.

standard deviation of proportional error.
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SECTION 1

INTRODUCTION

I.I GENERAL OBJECTIVES AND SCOPE

The primary objective of contract NAS8-11198 is to establish the basic

requirements for an Advanced Spaceborne Detection, Tracking and Navigation

System capable of performing future interplanetary missions. To achieve

this objective, the following tasks had to be completed:

a.

b.

Organize the study such that information is obtained which shows

tradeoff between performance and system complexity, and can be

used to select a system for a given mission.

Derive suitable mathematical techniques for calculation of per-

formance.

C. Develop methods for data presentation which indicate accuracy

tradeoffs between various subsystems and components within a

particular system.

d. Determine the areas and components which require future research.

_HILCO.

The scope of the study includes an evaluation of systems which utilize

Earth-based and onboard navigation, and combinations of the two systems.

The results which were obtained can be used to establish the capabilities

of these systems to perform various missions. In order to make the problem

amenable to study, however, certain restrictions on the scope of the study

had to be made. The following restrictions were either suggested by or

approved by MSFC personnel:

a. Pr_mery emphasis and calculations are for the 1975 opportunity for

a round-trip to Mars. The trajectory includes a stay time of about

40 days in orbit about Mars at an altitude higher than the sensible

1-1
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Martian atmosphere (500 Ks). The outbound flight time is 235

days, and the return flight time is 297 days. This restriction

was made at the start of the study because obtaining data for all

possible missions would not be feasible.

b. The covariance matrix of injection errors at the Earth is not stud-

ied as a parameter. This matrix, which is a function of the time in

park orbit at the Earth, is intended to be representative of the

capabilities of future launch vehicle guidance systems. The pri-

mary influence of this matrix is on the magnitude of the midcourse

velocity requirements at the first guidance correction.

Co The study emphasized the following phases of the mission:

1. Midcourse from Earth to Mars

2. Orbital navigation at Mars

3. Midcourse from Mars to Earth.

These phases are probably the most demanding on the sensor require-

ments if one neglects the inertial components required during the

accelerating (or decelerating) positions of the total mission.

1.2 STUDY FORMAT

The requirements of the navigation and guidance systems may vary con-

siderably depending on the mission itself. This study is designed to obtain

data that shows the tradeoff between ouboard system complexity and the

guidance and navigation system performance that can be achieved. Four

navigation system configurations are considered; they vary in complexity

from one that depends entirely on Earth-based tracking and computations to

one that has a total onboard navigation capability. These four systems

could be used for missions that vary from a simple planetary flyby mission

to a round-trip manned mission.

The four navigation and guidance systems whose performance are analyzed

in this study are:

I-2
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ao gystem T

1. Onboard Equipment

(a) An attitude control system with a reference alignment
p rocedu re

(b) Rocket motor for thrusting

(c) Command system for receipt of conmand signals for mid-
course maneuvers.

Earth- based Equipment

(a) DSIF Tracking Network

(b) Computation facilities

T_pical Mission

(a) Planetary flyby

(b) Planetary orbiter

e

B

b. System II

1. Onbnard Equipment

(a) Seine as System I

(b) Sextant or theodolite - Measurements restricted near

maneuver times to permit Earth-based computation

2. Barth- Based Equipment

(a) Same as System I

3. Typical Missions

(a) Close Approach Flyby

(b) Planetary Orbiter

Co System III

1. Onboard Equipment

(a) Same as System II

(b) Onboard radar

(c) Digital Computer which will be used during the terminal

part of the outbound midcourse phase, orbital navigation
phase, and the initial part of the midcourse return phase.
This system would allow rapid onboard calculations when
they are required during the rapidly changing portions of
the flight which occur at great distances (and consequent-
ly cause command time delays) from the Earth.

1-3
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e

e

Zarth- Based Equipment

(a) Same as Systea II

Typical Mission

(a) Manned round trip to Kars

(b) Planetary orbiter

(c) Lander

de Systeu. IV

1. Onboard Equipment

(a) Same as System III with the exception of the_ coe_and sys-i
tea; System 1V places no reliance on Earth-based facilities.

2. larth-based Equipment

(a) None; complete onboard system for all phases of the mission.

3. Typical Mission

(a) Fanned Round trip to Nars

In order to make this report self-contained, a certain mount of intro-

ductory material has been included in Sections 2, 3, and 4, including the

theory of the guidance and naviption analysis; a description of the computer

simulation; and a description of special onboard navigation techniques that

have been developed in conjunction with this study. The principal results

of this study that are presented in Sections 5, 6, and 7 have been obtained

froa statistical error analyses of the outbound midcourse phase, the return

midcourse phase, and the orbital phase, respectively. _ach of the four

systems is evaluated for the outbound phase; however, only systems III and

IV are considered for the return leg since these systems are representative

of systems that could be used on a round-trip manned mission to liars. The

orbital phase is studied independently of the two midcourse phases. Systems

I, III, and IV are evaluated for this phase.

The instrument error data and the results of the different analyses

presented in this report are all one-siva standard deviations. The figures

and tables that are discussed in this report are presented in Volume IIZ.

1-4
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SECTION 2

THEORETICAL ANALYSIS OF THE NAVIGATION AND GUIDANCE SYSTEMS

The function of the navigation system, as defined in this report, is

to obtain an estimate of the vehicle state based on either direct observa-

tions of the vehicle (Earth-based tracking) or observations of celestial

bodies whose positions are known (onboard tracking). Since only midcourse

guidance corrections are studied in this document the function of the guid-

ance system is to eliminate state deviations from the nominal trajectory

at the end of the midcourse phase, according to a specific guidance law.

The complete analysis of both of these systems requires the use of ad-

vanced techniques. It is the purpose of this section, therefore, to in-

troduce the theoretical concepts and notations that will be used through-

out the report.

The use of linear analysis about a nominal trajectory is described at

the beginning of this section, and will be applied to all phases of the study.

This assumption permits the derivation of the state transition matrix, which

is essential in propagating both navigation and guidance system errors along

the nominal trajectory. This matrix is also useful in deriving guidance

laws. Three midcourse guidance laws are derived in this section based on

deterministic deviations in the state. However, since the state deviations

in general, are not deterministic quantities, the guidance-corrections must

be made on the basis of estimates of the state.

Furthermore, it is the statistical errors in the navigation and guid-

ance systems that will be studied in this report. Therefore, the statis-

tical concepts of state estimation are introduced in this section. The

derivation of the Kalman filter, which is used to obtain a best estimate

of the state, is included. In addition, a method of propagating statis-

tical errors is discussed. Finally, the derivation of specific guidance

laws that are based on statistical estimates of state are derived, and the

guidance execution errors are discussed.

2-1
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2.1 EQUATIONS OF MOTION

It is assumed in this report that the trajectory of the space vehicle

can be defined by a set of nonlinear differential equations of the form

i- f(x, u, t) (2-1)

The nth-order vector X defines the state of the vehicle, U is an £th order

vector defining the control motions, and t is the running-time variable.

In general, X wilI consist of the vehicle's position and velocity some

particular three-dimensional coordinate system. Rarely, however, can

these quantities be measured directly. Instead, quantities such as range,

range-rate, azimuth, etc., are observed by tracking stations. It will

therefore be assumed that the observed quantities can be related to the

original state X by

¥ = G(X, t) (2-2)

In order to perform an analysis of systems represented by (2-1) it is

necessary to linearize these equations about a nominal trajectory. The

total state is then defined as the sum of the nominal state and a state

composed of deviations about the nominal, that is,

U UNom_ u
(2-3)

If (2-1) is now written as

_+i= f(xsore+x, u+u), (2-4)

and expanded in a Taylor series, the result is

_f _f
_ + x - f(x, u, t) +_ x +_ u + ...,

2-2

(2- 5)
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where hisher-order terms have been neglected and the partial derivatives

are evaluated for numerical values on the nominal trajectory. Subtracting

(2-1) from (2-5) yields the time-varyin8 state equation for the devlatlons,

or

i- x+_u, (2-e)

i = F(t) x + B(t) u. (2-7)

For n states and £ controls, F(t) is an n X n matrix and B(t) is an n X £.

Rqmtion 42-7) is referred to as the variatioml equation.

Similarly, expandlns (2-2) as

_g
Y + y - G(X,t) + _ x(t)

(2-s)

and subtracting (2-2), sires the Zinear relationship between the deviation

state and the measurement deviation,

_G
y =_ x = s(t)x (2-9)

The solution of (2-7) and (2-9), for constant control increments over

Y(t2) - H(t2) x(t2),

the interval t 1 _ t _ t2, may be expressed as

(t2) = _'(t2;tl) x(t I) + _u(t2,tl) U(tl),

and

(2-10)

(2-1z)

where _lis the n X n transitionmatrixwhich relates the deviation of the

state at t I to that at t2, andlu is a nX _matrix which relates the de-

viation of the state at t 2 to a unit variation in control at t 1. The

2-3
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elements of _ and #u are referred to as sensitivity coefficients. In gen-

eral, 0u will be computed for large tlm intervals by numerical integration.

2.2 COORDINATE SYSTEMS

All simulations which are done on the digital computer for the tra-

Jectory computations are done in the Earth equator and equinox of 1950

coordinates system. In order to permit a better physical interpretation

of the results that are obtained, however, these results will be presented

in a number of other coordinate frames. These coordinate systems are des-

cribed below.

2.2.1 TarEet Coordinates

This coordinate frame was used to define the nominal trajectory end

constraints for the Earth-Mars trajectory. It is target-centered at the

time of the trajectory arrival ( as shown in Figure 2-1) and is oriented
A b

such that the x axis is directed toward the Sun, the z axis is normal to

the target planet's orbit plane, and the y axis is in the direction of
M

z X x. The _-; plane in this coordinate system is, therefore, nearly in

the ecliptic plane.

2.2.2. N V W Coordinates

This coordinate system is useful for describing the data which are

obtained in the study in terms of the trajectory plane. The coordinates

are shown in Figure 2-2A.

follows:

V= V
m

6

--4 -'4

W = x.__x._

17x 71

The unit vectors N, V, and W are defined as

( alons the velocity vector) (2-12)

(normal to the orbit plane) (2-13)

( in the orbit plane normal to the
velocity)

(2-14)

2-4
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where _ and _!are, respectively, the instantaneous position and veloclty_
A A

relative to the central body. The N-V plane is the trajectory plane, and
^
W is nornal to the trajectory plane in the direction of the momentum.

These coordinates are used to define the terminal constraints on the
A A

liars-|arth trajectory at perigee. At thl8 point, R and V are normal to each

other 8o that the N, V, W coordinates become altitude (ALT), down-range (DR),

and cross-ranse (CR), respectively, Figure 2-23.

2.2.3 | Vector Coordinates

For certain types o£ guidance laws, it Is convenient to express the

mlss constraints at the tarset in terms o£ the B vector, As shown in

Figure 2-3&, the orlsln o£ the Bvector Is the center o£ the tarset, and

its direction 18 such that it is normal to the IncotLnK asymptote. The S

vector 18 directed along the asymptote. The plane containing the B is
^

normal to S and Is the tarKet mlss plane. The orthosonal coordinates in
A _ A A

thl8 plane are T and R (Figure 2-3B). The orientation o£ T and R in the

mlss plane may be chosen arbitrarily. For the end-polnt B vector data pre-
^

sented in thl8 report, the T vector was selected so that it was in the
^

trajectory plane, and R was normal to the trajectory plane. The end con-

straints for both the outbound and return trajectories were, there£ore,

• = and B.R = 0. Deviations in these constraints are therefore re-

lated to radius o£ closest approach and inclination, respectlvely.

2.3 GKHnAL DESCRIPTIONS OF DrI_RMINISTIC MIDCOURSI GUID_NCK LAb,S

The purpose o£ a midcoursemaneuver is to correct a trajectory so that

it will satisfy a set of nominal end-point constraints. The corrections are

required because o£ the error in the guidance system at injection. In this

section, three guidance laws are derived based on the state-vector notation

o£ the previous section and the assumption that the state deviations are

*The B vector i8 described and defined in Reference 3.

2-5
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known quantities. In practice, these deviations are not known exactly and

therefore the guidance corrections are based on statistical esti_tes of

the deviations. The statistical analysis of the mldcourse guidance system

will be shown in later sections based on the results of this section.

A typical midcourse situation for an interplanetary mission is shown

in Figure 2-4, where the true trajectory of the spacecraft at time B has

been determined by Earth-based tracking stations and it is desired to com-

pute the magnitude and direction of a correction at B so that the vehicle

misses the target by the same distance as the nominal. As an added pre-

caution for preventing the case where the deviation at C is zero, but the

vehicle collides with the target, additional correction may often be

used. For example, the correction at B may be applied to reduce the posi-

tion error at D, and a second correction may be applied to D to eliminate

the velocity deviation at C. _-
I

For the purpose of deriving midcourse guidance laws, the equations of

motion for the vehicle are written as a'k

"x__"- (2-1s)

Where the function, f, involves the inverse square law for the number

of bodies whose gravitational attraction is significant enough to effect

the trajectory, as well as gravitational anomalies (oblateness of Earth,

etc.) and possible external forces (solar pressure, etc.).

Equation (2-15) is lineartzed about a nominal trajectory to obtain the

variation equations by expanding (2-15) in a Taylor series and neglecting

higher-order terms. This results in an expressiou of the form

_f
+ "_x'= f(X,t) +-__ x (2-16)

* A tutorial example is included in Reference 2, where guidance laws are

developed for a cwo-dlmenslonal problem.

** An underllne vector will in general denote a three-dlmenslonal state vec-

tor, whereas one that is not underlined will denote a slx-dimensloned state

vector consisting of position and velocity components.
2-6
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By subtracting nominal trajectory equation (2-15) from (2-16) the variational

equations are obtained as

_f X
"x"- _,__ - Fl(t ) x (2-17)

These equations may be written as a set of flrst-order differential equa-

tions by defining the following states:

-_l"-_ __ -_i i I -__ % - _"

Equation (2-17) may then be written as

I:l[0][x1- Vz(t) o

x 2 '

-_F(t) (2-18)

It is now possible to compute the transition matrix, _ (t2tl), by integration

of the variational equations (2-18) along the nominal trajectory defined by

(2-15). The transition matrix is the sensitivity of the state at some time,

t 2, to deviations in the state at an earlier time t 1.

2.3.1 Fixed Time-of-Arrival Guidance Law

The guidance correction at a time when the spacecraft is at point B

in Figure 2-4 that will correct for deviations in the nominal trajectory

when it reaches D, can be derived in terms of the transition matrix

(TD,T B) , and is partitioned into

_1 _2 ]%(TD'TB) = _3 _4 '
(2-19)

2-7
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then the deviation in position at T D due to deviation errors at TB,_(TB))

and _(TB)) , is given by

= {I(TD,TB) x(T B) + {2(TD,TB) _x(T B) 42-20)

Also, the effect of a velocity guidance correction applied at TB on the

position vector at TD is

xg(TD) = _2(TD'TB) --Xg(TB)
42-21)

Since the purpose of the velocity correction at TB is to ellminate the

position error at TD the desired velocity corrections is found by equating

the sum of (2-20) and (2-21) to zero, and solving for _g(TB),

-1

-_s (Ts) = "_2 _1--x(Ts) "--_(_S) (2-22)

The derivation state at time TB

+ - g(TB)J

after the correction then become_

_.1
42-23)

Therefore, the required velocity correction at TD to zero the velocity

deviation at TC is given by

--xg(TD) = "--X(TD) = " [_3 x'(TB) + _4--x'(TB) 1 42-24)

_HILCO.
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Thus the application of the guidance correction in (2-22) at T B and the

guidance correction in (2-24) at TD insures that the actual trajectory will

coincide with the nominal trajectory at point C. This is neglecting the

errors in the computation and execution of the maneuvers. This type of

fixed time-of-arrival guidance law, which controls the trajectory to the

nominal end position at the nominal arrival time, is used in the study.

An alternate set of contraints which would provide a fixed time of

arrlval guidance law is

constraint vector

(2-25)

where t = time.

The _, T and B, R constraints will control the approach asymptote of

the trajectory. The time constraint will cause the pertapsis distance to

vary from the nominal value so that the arrival time is controlled. This

type of FTA guidance law would control the trajectory to arrive at the

nominal time, but the end position would not be the nominal value. This

FTA guidance law was not used in the study.

2.3.2 Variable TAme-of-Arrlval Guidance Law

A second type of guidance law can be derived such that the vehicle

will pass the target in a prescribed manner but not necessarily at the same

time as the nominal trajectory. In fact, allowing the time of arrival to

be a variable generally requires smaller velocity corrections. A reasonable

set of contralnts for use with a variable time of arrival guidance law is

= constraint vector

(2-26)

2-9
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where

v2 = v 2 .
INF R

R = Radius to center of target body

= Gravitational constant of target body

V = Vehicle speed at distance R

The _* T and _ * R components of (2-26) will control the approach asymptote

relative to the target. The use of Vi_ as the third constant will then

control the radius of closest approach.*

The nominal trajectory constraint vector (2-26) is s function of the

end-point state and the end time

f(X,T) (2-27)

where X = Nominal end-point state

T = Nominal end-point time.

The constraint vector on an adjacent trajectory is obtained by making

a Taylor Series expansion of (2-27) and retaining only first-order terms.

(2-28)

Subtracting the nominal constraint vector (2-27) from (2-28) yields the

deviation constraint vector,

* Reference 4, Page 152.

 HILCO.
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= nT

T

(2-29)

If the nominal trajectory passes close to the target body with the choice

of miss parameters given in (2-27) it is likely that f(X,T) will be inde-

pendent of T. This would be certain if the trajectory relative to the

target obeyed Kepler's equation and is expressed mathematically by

_T
T

O. (2-30)

As a result of (2-30), Equation (2-29) can be expressed as

B.x[ = [_X x (T)= C(T) _(T;t) x(t)_ D(T,t) x(t)

[6VINFJ T

(2-31)

where C(T) is a 3 x 6 matrix of sensitivity coefficients relating the de-

viation in the constraints to deviations in the state at time (T). Equation

(2-31) may also be written as

6B * T]

6B*R I =

5VI_ J

D Ii D2) X(t) = D1 x(t) + D2 x(t)I
(2- 32)

The effect of a velocity correction at time (t) would be to produce

a deviation in the constraint vector equal to D2 _g(t). Therefore the gui-

dance correction is found by equating the sum of D2 _g(t) and (2-32) to

zero and solving for _g(t).

2-11
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The result is

SB * T 1

- 16 . - -
L6Vi j

(2-33)

Equation (2-33) is the expression of the velocity correction required for

the variable time-of-arrlval guidance law.

The quantity A T, which is the variation in the arrival time, can be

computed in the following manner. The constraint parameter e is added; this

is associated with the nominal end-ttmeT when the target constraint para-

meters are calculated, e is the true anomaly which is a function of the

end time T. The variation in e from its nominal value may be related to

deviations from the trajectory at any previous time as well as the varia-

tion in the end time, T , itself by the expression

A _] 3X(T) _ (T,t) x(t) + /xT (2-34)

By adding the constraint A 8 = 0 for all perturbed trajectories (i.e., the

miss vector for all perturbed trajectories will be evaluated at the same

value of _ as the nominal), one may write equation (2-34) for A T.

I_T> -I I e--¢_'--) _(T,t)x(t)=A_(T,t)x(t)
(2-35)

2-12
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2.3.3 Guidance Law for Minlunm._ Midcourse Maneuver

The previous guidance law can be modified by computing a numerical

value for VlN F such that the required A V maneuver is a minimum, rather than

controlllng it to the nominal value. The velocity correction as a function

of 5VIN F is shown in equation (2-33) and is repeated here with the matrix

D21- written in terms of its elements,

(2-36)

The magnitude of the correction is

2

+(a21 5BoT+ a22 5Bo_ + a23 5VI)E, )

(2-37)

Taking the partial derivative of (2-37) with respect to 6VIIqF and setting

the result, zero gives

O M

A

2 (-11_" _÷"1,8__._÷.13°vi_/-13

+2(.2,0B. +.,, .,30v, ).23
(2-38)

Solving for 5VIMF in (2-38) yields

5VIN F
= -__lla13 + a21a23__+ a31a33 6B.T + a12a13 + a22a23 + a32a33 _

a132 + a232 + a332

2-13 (2-39)
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If the value of 6VIN F from (2-39) is substituted into (2-36), then the re-

sultant correction is the value required for a varlable time of arrlval

guidance law with a minim_mAV correction.

The three guidance laws that have been discussed in this section

are illustrated in Figure 2-5.

2.4 ERRORAK%LYSIS

The success of most missions depends on whether the expected deviation

from the desired objective is within allowable bounds. An essentlal part

of the guidance analysis, therefore, is to deteraine the effect of guidance

coeq_onent errors on the deviation of the vehicle state. By use of the

sensitivity coefficients, the error sources can be propagated to various

objectives in the missions. It is thus possible to determine which error

sources are significant and thereby improve the system design such that the

mission objectives are attained. The propagation of deteralnistic deviations

in the state have already been used to derive guidance laws. However, since

the errors in a guidance system mey often be of a radom nature, it is random

necessary to introduce certain statistical notations and definitions in

order to derive the propagation of these errors in a linear system.

2.4.1 _ Statistical Definitions and Notations

The expected value of the scalar function f(x) is given by

I::)H I LCO.

(2-40)

where p(x) is the probabillty density function which has the properties

fp(x) dx- 1

-- oo

(2-41)

2-14
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and

B

p(x)
A

dx = probability that x lies in the interval
A_x<B (2-_)

For a gaussian or normal distribution, the density function p(x) is given

by

1 -(x- ;02
p(x) = -- e 2o 2 (2- 43)

where

= E(x) = mean or average value of x

2 (_) -2= E - x = variance

= o_ = standard of deviation.

For the vector function f(_x), the expected value is

[! (,,,x,/](/.i.,il (2- _)

and the gaussian or normal probability density function of x is given by

p(xz, _ ... xn) = ..
(2_)

1 __.__)T(p- 1)(x- _:)

ip[ •
42-45)

2-15
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where m

,_(x l)

E(x 2)
x = .

iE(x n)
_,.

- E(_) (2-46)

and P is the covartance matrix

p

(E(Xl 2) - (_l 2)
f

m .

[E(x_x ) -. t n (XlXn)

- >....... -

(z(,%2) - ½5.

42-47)

P is a symmetric matrix, i.e., (PiJ = PJi )" Along the diagonal of P are the

variances of each of the components of x. The off-diagonal terms are

ECXuXm) " xnxm _= Ohm (_nam where Or.- is the correlation between the n and m

components of x. The correlation ranges between the values -I _ pma _ + I.

IPIis the determinant of the covariauce matrix P.

If x is a sixth-order vector consisting of three position states and

three velocity states, then the l_S errors in position and velocity are given

by

and

_¢S Position = u - trace P 42-48)
X X

l_S Velocity = o. = trace P.
X X

(2-49)

2-16
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where Px and Pi are the upper-left and lower-right 3 x 3 suhmatrices of P

in Equation (2-47).

2.4. 2 Propagation of Errors in Linear Systems

Although the actual orbit equations are nonlinear, it is again assumed

that for small perturbations about the nominal, the variational equations

can be written as

= F(t).x + B(t)u(t) (2-50)

The solution may be written as

x(t 1) = _(tl;to) X(to) + _u (tl;to) U(to) (2-51)

for U(to) constant in the interval t o _ t _ t 1.

The initial errors for this system are statistically defined by

E (X(to)) = x(t o)

E l(X(to) - X(to) ) (X(to) - X(to))l

T

(2-52)

(2- 53)

E(uj(t O) Xk(to) ) " 0 for all £ and k (2-54)

Z (U(to)) = 0 (2-55)

E (u(to) uT(to)) = M (2-56)

2-17
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The effect of these errors at some later time (tl) is then specified by the

value of x(t I) and the covariance matrix P(tl). By 42-51) X(t I) ismean

given by

(2-57)

which, as a result of (2-52) and (2-55), is

A(t 1) - _(tl;t o) _(t o) 42-58)

also, if the error in estimate x, defined as

- x- ;c, (2-59)

then by (2-59) and (2-51) _(t 1) is

_(tl ) = ¢(tl;to) _(to ) + Cu(tl;to ) U(to) , (2-60)

and the covariance matrix PCt I) iS

Finally, since the cross product terms in (2-61) are zero, substituting

(2-53) and (2-56) into (2-61) results in

_Z (2- 62)PCtl) = _rCto) _+ _ u

2-18
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Equation (2-62) provides a relationship for updating the covariance matrix

in a linear system. This is an important result, and will be used exten-

sively throughout the report.*

2.5 DETERMININC THE STATE

The discussion of guidance laws and error analysis in the previous

section has assumed that the vehicle state vector is known at discrete

points in time. The problem of determining the state from Earth-based

observations or onboard equipment is considered in detail in this section.

Since, in general, one set of observations is not sufficient to define the

state, it is necessary to make a number of observations and then solve for

the equations of motion which give a "best" fit to the observed data. The

solution to this filtering or estimation problem is given by Kalman (Refer-

ence 5) for linear systems. A derivation of the Kalmen filter that can be

applied to nonlinear systems has been developed by Schmidt et al (References

6, 7, and 8), and is included for the case where measurement errors exist.

In addition, solutions are included for determining the effect of unknown

parameters without actually solving for them. These unknown parameters may

include bias errors in the equations of motion, or bias errors in the mea-

surements.

2.5.1 Kalman Filter Derivation

It has been shown that an error analysis of a navigation system can

be performed if the estimate of the state vector and the covariance matrix

of the errors in the estimate are known. This section will derive these

quantities on the basis that a Kalman filter is used in the estimation pro-

cess. The state deviations x(t), the estimate of the state deviations t(t),

and the error in estimate of the state deviations_(t) are shown pictorially

in Figure 2-5. The problem can be defined mathematically** as follows:

* A detailed example which illustrates the use of the projected covarlance

matrix for midcourse corrections is given in Reference 2.

e, Although P has been defined in (2-47) as the covarlance matrix of (x-x)

to illustrate the propagation of this quantity, it will henceforth be

used to denote (x-R), the error in estimate.

2-19
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Given:

x(t I) = estimate of x

P(tl) = E((x-x)(x-x) T) Covariance matrix of the error

in the estimate

y(tI) --.X(tl) + q (tI)

q(t I) = random error in the measurement Y(tl)

E(q(tl)) = 0

E(q(tl)qT(tl)) ffi Q

Find:

a new estimate of the state, Xn(tl), so the follow ln8 loss function is

minimized:

L " E(X-_n)T(x-Xn) (2-63)

It should be noted that an initial covariance matrix of the error in the

estimate P(tl) and the initial estimate of x (_(tl)) are required. These

quantities may be determined by a least-squares fit (described in Reference

I). Also the derivation in this sectlonassumes that the random variables

are gaussian.

The loss function may be written as

_/(X-xn)T(x-x n) p(xly, x) dx
L

Taking the gradient of (2-64) with respect to
n

differentiation and integration gives

(2-64)

and interchanging order of

_L _/2(X-xn)T p (xly, i) dx 42-65)

2-20
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Since i is a constant, the integration of (2-65) results in
n

VL ffi 2f Tp(xly , x) dx- 2_Tn (2-66)

By definition, the term under the integral is the conditional mean; there-
M

fore, setting 9 L equal to zero and solving for xn yields

i n = E(x[y, x). (2-67)

Equation (2-64) shows that the conditional mean is the optimum estimate of

for the loss function L of (2-63)
n

The conditional mean can be determined from the probability density

function ',p(x[y,x). p(x) has been derived in (2-45) as

p(x) = 1 T [,'l(tl)] (x-i) (2-68)
(2n) n/2 [P(tl)[ % •

where n = number of states and P(t 1) is the covariance -_trix of (x-i).

Also, the deviation of the observation y from its estimate is given by

y - y = H(x-x) + q, (2-69)

the covariance matrix of this deviation is

E(y-9)(y-9) T = HI_{ T + Q, (2- 70)

from the assumption

E {(x-i)[qTj} ffiO,
(2-71)
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P(y) is therefore given by

where

n = number of observations. Slmllarly, P(y[x) iS

1
P(yIx) = p(q) " "' •

(2rOn/2 [Q[_

(2- 72)

(2-73)

By use of Bayets equation,

P(xly,x) = P(ylx) r(x)
P(Y)

(2- 74)

Substituting (2-68), (2-72), and (2-74) yields

p(xly, x) - Ae-_[(x'X)TP "l(x'_:) + qTQ'lq ".• (Y'Y')iT(I_L_I'T + Q)-'l(y._)] ,

(2- 75)

where

(2-76)

,For gaussian random variable, the conditional mean given by (2-67)

is at the maximum of the density function (2-75). Therefore, taking the

gradient of the exponent in (2-75) with respect to x, setting the resultant

equal to zero and letting x = x gives
n

_n_X)T p-1 .(y__)T (HpHT + Q)-I Ux(y__)l . 0 (2-77)

2-22
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y = Hx + q, (2-78)

V xy = H, (2-79)

solving (2-77) for i gives the desired result
n

= i +vuz (ramz + Q)-I (y._),
11

(2-80)

where _ = Hx and y is the observation. Equation (2-80) shows the optimum

new estimate.

It is also desired to determine Pn' the new covariance matrix of the

error in estimate, which can be expressed as

(2-81)e.Cx-in) (x-xn)Z= z ((x-g)- zCy-_))((x-i)-_(y-_)),

where the filter gain K is given by

K : vuz (mmz+ Q)-I (2-82)

Expanding (2-81) yields

E(x-_) (x-in)T

(2-83)

I(x-R)(x-i)z - a(x-i)(y-_)zzz

-E z(y-P)(x-_Jz + z z(_)(y-_)zzz,

and letting y-_ = H'(x-R) + q, the terms of (2-83) are

2-23
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E(x-i)(x-i)_ - e

. _T_ (si._e E(x-i)(q) _ - o)

E K(y-_)(x-_) z - _ (S(x-i) + q) (x-i) _ - _e

(2-84)

Substitution of the value of K from (2-82) gives

_[TKT. _(.l,.T + Q)-1. p

.. _T(H_a_ + q)-I H e. (2-85)

Thus, Equation (2-85) may be written as

^ T ,, P - _T(E_,_ + Q)'_ e (2-86)E(x-£n) (x'xn) = Pn

The two results, Equations (2-80) and (2-86) are repeated below for con-

venience.

_: = _ + PHT(IiJpIiT-I.Q)'I(y-_) (2-87)
n

P .p. T___(e_Hz+Q)-ls_ e
n

(2-88)

Equation (2-8_ shows how the estimate of the state is modified by each new

observation y, and (2-86) shows how the covariance matrix of the error in

the estimate is reduced by each new observation. A second derivation of

these quantities which assumes a linear filter is given in Reference 2 to-

gether with an example problem.
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2.5.2 Parameter Estimation

In addition to estimating the position and velocity of the vehicle,

it is often desired to estimate unknown parameters. Some of the important

parameters which are applicable to this study are bias errors, which include:

a. Station location errors

b. Speed-of-light uncertainty

c. Biases in measuring instruments and physical constant and forces,

which include:

1. The Astronomical Unit (A.U.)

2. Gravitational constants for planetary bodies

3. Solar pressure.

These unknown parameters may be determined by writing the equations of

motion as

i = F(X,U,t) (2-89)

where X = vector of positions and velocities

U = vector of forcing functions plus unknown parameters in the

equations of motion.

The observations or measurements are, in general, related to X by

Y = G(X,V,t) + q* (X,V,t) (2-90)

where

V = a vector of unknown parameters

q* - random errors in measurement

Linearization of (2-89) and (2-90) about a nominal trajectory gives

m X+ U (2-91)

2-25
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y = x + v + q(t)

The randmn error in measurement has been called q in (2-92).

(2-92)

Since a constant c obeys the differential equation

dc
--= 0
dt ' (2-93)

any unknown constants in the equations of motion or the measurements may

be described be defining an expanded state vector

Z -- = X

X

(2-94)

where u has m unknowns and v has n unknowns. The dlfferentlal equations for

z which include unknowns as defined by (2-93) are therefore

F bF 01

;- o o •

0 0

(2-95)

The solution of Equation (2-95) may be written as

 xcttouctto!]Z(t) = I_ Ol z(tO) " O(t,t O) "(t o) (2-96)

With this definition of state, as many unknowns as desired may be included.
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The solution to the estimation problem is the same as given previous-

ly, that is

z =
n

- _ + r s_(. r s_ + Q)-I
Z Z Z Z Z

_ .. rsT(spS_÷Q)-_r
Pzn Pz z z z z z s z

;(t) " ;'(to) + [J_tot F(i'u't)dt100

Pz(t) = _(t;to) Pz(to ) _T(t;t o) + B z

(2-97)

. (2-98)

Equation (2-97) is for the improvement in estimate and the covariance matrix

of the error in estimate as a results of the observation y, and Equation

(2-98) is for updating the estimate and error in estimate between the obser-

vations. B z is for inclusion of any random forcing functions which have

occurred in the time interval (t o -* t). _ is calculated by numerical inte-

gration of the variational equations along the current best estimate of X

and U. It should also be noted that PZ is now an (6 + n + _0 by (6 + m + n)

matrix and includes not only the covarlance matrix of the error in estimate

for x but also for u and v.

2.5.3 Effects of Unknown Parameters

As shown in the preceding section, there are no theoretical diffi-

culties encountered in actually solving for unknown parameters. The order

of the state vector, however, may become extremely large and thereby limit

the soltuions by onboard computers. It is therefore very useful to deter-

mine the effect of these unknown parameters, without actually solving for

them. A solution to this problem has been developed by Schmldt (reference

2) and the results of this method are summarized in this section for equation

of motion unknowns, or measurement unknowns, or both.
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For equation of motion unknowns, it is desired to determine the effect

of the unknown part of U in (2-89). The problem is mathematically defined as

Given: (1) _.(x-_) (x-_) z = P(t o)

(2) x(t) = _(t;t o) x (t o) + u(t;t o) u (t o)

(3) z(x-_) uz - c(t o)

(4) E(u) ffi 0

(5) z(uu T) =M

/ \
Find: (I) P(t)= ,.((_(t)-i(t))(=(t)-_(t))ZJ

(2) C(t)ffi E ((x(t) - x(t))u T)

\ /

From (2-91) and (2-98) it is clear that the only influence of u will be

during the propagation of the covarlance matrix of errors in the estimate

between observations.

The solution is summarized as follows:

Between observations

t

x(t) = X(to) +/ F(x, _Uo, t)dt
t
O

P(t) = SP(to) _T + _C(to) _Tu + _uCT(to )_T

+ _uM_Tu

c(t) = _c(to) + _uM (2-99)

At an observation Y

•ffi x+ pHT(HPH T + Q)'l (y._)
n

Pn " P " PHT (HPHT + Q)- 1 (HP)

c - c - _z(H_z + Q)'IHc
n

2-28
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As can be seen from (2-99), correlation exists for any value of time other

than to even when C(to) = 0. This is a result of the fact that the estimate

of the state x is dependent upon the unknown parameters in the equations of

motion.

The effect of quantities such as measurement bias errors, station

location errors, etc., affect the observation, as seen by (2-90). Therefore,

these errors would influence estimates of the vehicle position and veloclty._

The problem of how to determine the effect of measurement errors Is defined

as

IPH I LCO.

Given: (1) x = an estimate of the state

(2) P = the covariance matrix of the error in estimate

- z ((x-;J(x-i)T)

(3) C = the correlation between the error in estimate and

unknown parameters (C - E(x-x)V T)

(4) An observation y where

y = H(t)x + C(t)v + q(t)

v = unknown parameter (constant)

q(t) = random error in measurement

(5) The covarlance matrix and mean value of the parsnters v

z(v)= o

(6)

Find: (I)

z(J). w

The covarlance matrix and mean value of the random

errors which are not correlated with either v _c X 1

v.(q)- o

Z(qq T) - 0

A new estimate of the state _ such that
n

L - zCx-i)'(x-i> i, minimized
n- n-

(2) The covariance matrix of the error in the new estimete

(3)

Pn " Z(X'in)(x'_n)Z

The correlation between the new estimate and the para-

meters

c - z(x-_)_z
n 2-29
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The solution of this problem was derived in Reference 2, and is sumwrized

as follows:

At an observation:

x n = X + (PH T + GGT)y "I (y-_)

P = 1, - (_ + _)y'l(sP + oc_)
11

c - c - (_ + _)y-1 (sc + ow)
11

(2-101)

For updating be_ee11Neasureaents:

P(t) = _(t;to) P(to) _T(t;to)

C(t) = _(t;t o) C(t o) (2-102)

It is also possible to include the effects of both equation of motion

uukllowns and u11kllown parameters in the measurements. These results for u

and v uncorrelated, E(u T) = O, are:

For updating between measureaents:
t

X(t) = X(to) +j_t F(X_Uo, t)dt
O

where

i

_P(to) _7 _ z= _T+ _uCux(to ) + i M_PCt) + _Cux(to ) u u u

= _Cux t oc ( )+_

Cvx = _Cvx(to)

C
ux

CVX

= _ ((x(t) - x(t))_)

= z ((x(t) - _,t))_)

(2-lO3)

(2-104)
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where

At an observation

C_n c - (_T+CvxGT)(i-t)(.C+GW)

c Cux _ (p.z + Cw_Z)(F l) (.Cu=) J

y-_T+SC _T+GC ZHZ+,.-_Z+q
VX VX

_Y C _Y

" _"_1x=i " _Vl v-v
0

w- N- z(.J)

(2-lo5)

) , (=-TOG)\_(t o) u " [_U(to)j

2.6 CCMPI£TE NIDCOURSE GUIDANCZ AHkLYSIS

In the preceding sections, deterministic guidtnce laws have been derived

and the statistical concepts of state estimation and error propagation have

been presented. These concepts are now used to derive the velocity require-

ments based on the estimate o£ state deviations. The definition of state

deviations after a guidance correction and the guidance execution errors

that cause these deviations are also discussed.

2.6.1 Midcourse Velocity Requirements

In general, the precise deviation from the nominal trajectory is

not known. As a results, the guidance correction must be calculated on

the basis of the best estimate of the deviation x(t). The estimated

velocity correction x_(t) based on equation 42-33) is therefore

2-31
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Ix] i(t) = G(T,t) _(t) (2-107)

where x(t) is the six-dimensional state deviation estimate.

The covariance matrix of the expected guidance correction at time

t is

The covariance matrix of state estimate, g(x(t)X(t)T)" -* - -, may be expanded in

the following manner:

A

where the relationship _ = x - x has been used.

If the covariance matrices of the error in estimate, _(t), and the

deviation state, x(t) are defined as

P(t) = E_(t) _(t)) (2- zzo)

PAR(t) ffi E(x(t) xT(t)) 42-111)

and E (_) = O, then the covariance matrix of the state estimate in 42-109)

can be simplified to

E(_(t)_¢(t))= PAR(t)- P(t) (2-1m)

2-32
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Substitution of (2-112) into (2-108) yields the covarlance matrix of the

estimated velocity correction

A A

E,_) -G(T;t) (PA_(t) - P(t) Q_(_;t) (2-113)

The RMS estimated velocity is given by

(2-114)

2.6.2 Definition of a New Nominal

Previous derivations have assumed that the same nominal trajectory

would be used throughout the mission and also that errors resulting from

the execution of the velocity correction are zero. Zn general, however, it

is desirable to compute a new nominal that will satisfy the end contraints

following the correction; also, the execution errors are not zero, and

therefore will now be considered.

The deviation of the state fr_nthe nominal trajectory following a

correction, Xa(t ) is given by

=i -xb(t) _ )
Xa(t) \_b(t) +x + s

--g
(2-Iis)

where _Xb(t), _b(t) are the position and velocity deviation prior to the

correction, and

+ ¢ = G(T;t) Xb(t) + ¢(t) =" actual correction mode--g
(2-116)

¢(t)= the error in carrying out the estimated velocity
correction

2-33

I:)H I LCO. WDL DIVISION



Wl)L-TB2629

The covariance matrix of the deviation state from the nominal follow-

ing a correction could be derived; however, this matrix is not very meaning-

ful. At a guidance correction (for either a fixed or a variable tlme of

arrival system), a new nominal trajectory is chosen based on the estimate

of the state which satisfies the end constraints (at least in the linear

sense).

The new nomlnal trajectory st time (t) after the correction is

/ \^O

_om(t)- _(t)+ _GXb(t) ) (2-n7)

the deviation of true trajectory from this nominal, usin8 (2-115), (2-116),

and (2-117) is

/o)Xnom(t) - _, + c(t) (2-118)

where Xnom(t) = state deviation from the new noWinal trajectory and will be

called x(t) in the presentation which follows.

The covariance matrix of the state deviation from the new nominal

then becomes

[oo1
,.(x(t)x(t)_) - FARa(t)- E(_(t) "¢'(t))xa + o_.(,,T)

[:o]
or PARs(t) - Pb(t) + E(e¢ T

(2+ J +9)

(2-12 o)

E_Xb sT) and its transpose are assumed to be zero.where

Pb(t) = covariance matrix of error in estimate of the state

prior to the correction.

2-34
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The propagation of the covarlance matrix of state deviations to the

end point PAR(T) is particularly useful when transformed into end-point con-

straints (C(T)), since it then indicates the constraint deviations after a

correction has been made. This covarience matrix PAR(T) in terms of end

point constraints is found by the use of (2-31), and is given by

E  6 -TI1• R 6_. R -:D_V = C(T) _(T;t)PARa(t)_T(T;t)CT(t),

i_ I_ (2-12I)

where DEV is the 3 x 3 covarlance matrix of the end constraint deviations.

The RMS position deviation of the B vector is found from the trace

of the upper left 2 x 2 in equation (2-121)

G B =/DEVll + DEV22 = RMS Position Deviation (2-122)

2.6.3 Midcourse Execution Errors

The final derivation is concerned with the three sources of the _d-

course execution errors which have been defined as ¢ in (2-116). The errors

considered are the following:

ao Pointing errors resulting from the attitude control system which

:is commanded to align the body axis of the vehicle along that

direction determined by the guidance law.

b. Proportional and resolutlon errors resulting from the thrust

command system which ignites and cuts off the engine to give

the velocity magnitude determined by the guidance law.

The problem is to define a mathematical model of the errors introduced by

these systems.

2-35
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The errors caused by the thrust coaffimand system are the simplest

from whlch to forms mathematical model, and are considered first. The two

error types which can exist are classified as:

a. Proportional Error (k2Xg) proportional to the commanded velocity

magnitude and in the direction of correction. Such an error

could be caused by

. Uncertainty in the scale factor of the accelerometer (if the

acceleration is nearly constant as it should be for the small

midcoursemaneuver)

So

2. Uncertainty in an accelerometer bias value

x

Resolution Error (k- -T'F_--independent of the velocltymagnitude,
z

but in the direction of the correction. Such an error could be

caused by

I. Resolution of the integrating accelerometer pick off trans-

ducer

2. Uncertainty in the engine tail-off characteristics following

the shutoff command signal.

Pfeiffer (Reference 9) has termed these two error sources as shutoff and

resolution, respectively. They will be referred to here as proportional

and resolution errors.

Following Reference 9, it will be assumed that these errors are

independent and, therefore, the total error resulting from the thrust

command system (neglecting second-order effects introduced by the pointing

errors considered later) is given by

2-36
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7
X

(2-123)

and since k I and k2 are independent scalar random variables

Letting

E CtcCtcT = E(kl)2 E_g ) + E(k2)2 E -- l_Xgl

E ) --_ andE _ - rv

(2- 124)

(2- 125)

E(kl2 ) ffio 2v proportional error variance (2-126)

z(_ 2) = a2
r

resolution error variance (2-127)

The covariance matrix of the errors resulting from the thrust system is

therefore given by

T
m .

E(etcCtc ) = u2 A + 02 r (2-128)V V r V _*

where the quantity Av is given by E(_/T) in (2-108). The method of cal-

culation of rv is described in Appendix A.

A mathematical model of the pointing errors introduced by the atti-

tude control system derived in Reference 9 is somewhat more restrictive than

the above. The basic error sources are the result of:

a. The accuracy of the attitude reference from whlch the maneuvers

ere made

b. The accuracy of the alignment of the thrust and body axis of the

vehicle

c. The accuracy of the system In carrying out the coemandedmaneuvers.
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The model given in Reference 9 applies only to error sources (a) and (b),

and is quite approximate in Its treatment of these errors. As a result

of the mathematical difficulties involved in considering an error source

of type (c), an adequate solutlonhas not been found.

If the assumption is made that the attitude errors can be represented

by a cone about the co_anded velocity vector where the direction is equally

llkely, then a mathematical model can be readily derived.

The derivation of the pointing error is given in Reference 9, and

is as follows:

Let _.u be a random three-dimens£onal vector with zero mean and equal
L"

probability in any direction, _ is a scalar and _ is a unit vector
P

jxg x _ is a vector 1Tin8 in a plane normal to the comundedOp

velocity direction.

where
A

[_g _] - a matrix (2-130)

-/

Since u is independent of x
--g

and _ [.7] . I (2-131)

then,

and using the matrix identity

(2-132)

[v®] [v®] _ - [Jvx- w_]. (2-133)
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The covariance matrix of pointing error Ap is then found to be

Ap = Op2 [Trace of Av)I - Av3 (2-134)

If the original density function OpU is assumed to be gausslan, then the

probability density function of the half-cone _ is a Rayleigh density

function given by

2

P(_) ='_ e - _t_
2_2

% P

(2-135)

and the probability distribution function for Y is

P(,op,)-/°p__. .2o 2 2 °2
o p p

(2-136)

This distribution curve is shown in Figure 2-7. If some idea of the

attitude control system capability is known, however (e.g., that the half-

cone angle would be less than IO with a proability of 0.67), then the dis-

tribution curve shows that Op should be set such that 1-° ffi1.5 or
20 Op

p 3 "
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SECTION 3

DESCRIPTION OF THE DIGITAL COMPUTER SIMULATION

In order to accomplish the objectives of this study, it has been neces-

sary to build a digital computer program which has the capability of simu-

lating both the navigation and the guidance systems for an interplanetary

mission. The program enables the statistical errors resulting from the guid-

ance and the navigation systems to be studied in terms of their effect on

the mission requirements by using linear perturbation theory. Some of the

important functions that the program must perform are : (i) the computation

of transition matrices along a nominal trajectory, (2) the processing of ob-

servations from Earth-based or onboard tracking, (3) the estimation of the

vehicle state using the Kalman filter theory, (4) the specification of guid-

ance corrections, and (5) the propagation of deviations resulting from guid-

ance errors to the end-point on the trajectory.

The Conic Error Propagation Program (CEPP) has been used for this study.

It is a combination of subroutines previously developed at Philco WDL and

subroutines that have been developed for this study. In particular, the

subroutine for computing transition matrices has been changed in this pro-

gram as the result of numerical difficulties experienced with the precision

program. A flow chart of the various subroutines used in (CEPP) is shown in

Figure 3-1. This program has been written so that it may be used in conjunc-

tion with the Quick Look Programs (See References I0 and II).

The Advanced Error Propagation Program (AEPP) now under development at

WDL (Reference 12) also has the simulation capability required for a study

of this type. It is mentioned here because it has a greater flexibility

and capability than the CEPP. With AEPP, it will be possible to consider

bia_ error sources and either solve them directly or determine their effect

on the state estimate. In fact, this program has been used to evaluate the

station location bias errors which will be discussed in Section 5. In this

section the features of the CEPP are described.

3-i

PH I LCO. WDL DIVISION



WDL-TR2629

3. i THE NOMINAL TRAJECTORY

It has been found that the nominal trajectory is sensitive to the eighth

figure of the starting value of the injection position and velocity. The

sensitivity of the end-polnt position to initial conditions is on the order

of 105 km/km for position and 108 km/km/sec for velocity. Therefore, for

injection from Earth park orbit with a radius of 6500 km and a velocity of

15 km/sec, the significance of the eighth figure of position and velocity in

terms of position variations at the target is on the order of I0 km and I00

km, respectively. This caused a problem in the integration process used to

find a precision nominal trajectory. For example, if the integration is

stopped in the middle of the trajectory (such as at a guidance correction),

and then restarted, the round-off error results in a different end-polnt

than would have been obtained if the integration had not been stopped. As

a result of these difficulties, the CEPP uses a patched conic for the nominal

trajectory. This produces better results since the problem can be re-

started at various points and the same end-polnt values obtained (the tra-

jectory was rectified at each patch point); also, this program is faster than

integrating the n-body trajectory. The three conic sections from Earthl

to Mars (Earth-centered, Sun-centered, and Mars-centered) or Mars to Earth are

input data which are obtained from the Quick Look Programs. (References I0

and II).

The inputs for each conic are:

Body center

Date

Fractional Date

Time Length of Conic

Time of Coordinates

Vehicle State

(Earth, Sun, Mars)

(Year, Month, Day)

(Hours, Minutes, Seconds)

(Seconds)

(Equator Date, 1950, Ecliptic)

(x,Y,z,

3-2
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The patch distances which were used to obtain the trajectories

are the following:

Earth 925,000 IQ4 Patch Distance

Moon 66,000 I_ Patch Distance

Mars 565,000 KM Patch Distance

The ephemeris which was used for the planets was the JPL ephemeris

tape (Reference 13), which is in Earth equator of 1950 coordinates• The

computations, therefore, were carried out in equator of 1950 coordinates using

kilometers and kilometers/second.

3•2 THE TRANSITION MATRIX

The subroutine for calculating the transition matrix # (T,t) is one of

the important computations usedln this study. It is used for propagating

estimates of the vehicle state resulting from injection errors and guidance

errors, to the end-point for each phase of the mission. It is, however, a

computation that has resulted in a number of problems in earlier studies.

Methods of computing _ (T,t), as well as problems that have been experienced

in the use of these methods, are described in the following paragraphs.

The transition matrix _ (T,t) is computed in the Interplanetary Error

Propagation Program (IEPP) (References 14 and 15) by the following method:

@(T, t I) = _(T,t o) 0-1(tl,t o)

_CT, t2) = _(T,t l) Q'l(t2,t I)

,(T,tm) = _(T,tm) 0"l(tm, tm.l),

(3-1)

where the times tI, t2 ... tm represent points at which results are printed

out or guidance corrections are _de. The i_erse matrices in (3-1) have
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been calculated directly using a single precision inverse subroutine. An

alternate method for inverting _ is given by relationship

I I [ii 12 _22

_ = -I =

T
21 _ 22 "121

(3-2)

Numerical difficulties have been experienced in both methods. For long

time intervals along the trajectory (i0 days), the elements of _ become

large, with the result that inverse matrices become inaccurate.

To improve the numerical problem described above, a transition matrix

has been used in the CEPP which is obtained from a closed-form analytic

expression (Reference 16). These analytic expressions for the transition

matrix are valid under the assumption of a conic trajectory. A comparison

of the closed-form transition matrix and one obtained by integrating the

variational equations from injection to the end-polnt along a precision

n-body trajectory (no inversions are required and therefore this method is

quite accurate), showed that the two matrices agree to within 2 percent.

The use of the closed-form expression for the transition matrix allows rapid

calculation of the matrix from any time (t) to the end-point time (T), and

does not require the inversion shown in 3-1. It has been found that replacing

the n-body trajectory integration by a patched conic trajectory and using the

closed form transition matrix increases the speed of CEPP over IEPP by a factor

of two.

3.2.2 Navigation Capability

The CEPP, which is shown in block diagram ferm in Figure 3-2, has the

capability of simulating onboard navisatlon, Earth-based navigation, or a

combination of both.
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The Earth-based tracking capability consists of three tracker stations.

Each station can make the following measurements when the vehicle is above

the station borizon_

a. Range

b. Range-Rate

c. Azimuth

d. Elevation.

There is a random error associated with each type of observation for each

station. The magnitude of these errors are inputs to the program.

The onboard measurement capability consists of the following types:

a. Range (Radar)

b. Range-Rate

c. Theodolite (right aacension and declination)

d. Sextant (Star-Planet Angle)

e. Range (Subtended Angle).

For each of these measurements, there is a random error which is an input

to the program. The result of an observation is expressed mathematically

by

y _H x +q, (3-3)

where y is the measurement

H is the gradient of the measurement with respect to the state

x is the deviation state

q is the random noise in the measurement

The optical instruments (Theodolite and Sextant) which are described in

Section 4 have an error model of the form:

2 + 4k22 (sinl RAD )2_ = J kl T_

3-5
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where @ is the standard deviation of the measurement error q. This error

model is discussed, and error curves for the planets of interest in the

study are presented in Section 4.

These different navigation measurements may be grouped in any desired

combination by the input control. The influence of these measurements is

included in the covarlance matrix of the error in estimate of the state

P(t) at the appropriate times under the assumption that the data are being

processed with a Kalman filter. This results in a new covariance metrlx, P,

which is given by (2-88) and a new estimate of the state x given by (2-87).
n

Between observations, the covarlance matrix of the error in estimate is

propagated along the nominal trajectory using linear perturbation techniques.

This is expressed by

P(t I) _(tl,t) P(t) %T(tl,t) (3-5)

The errors in estimate data are output for the present time (t) and also

the end-point time (T). The following quantities ape output ateach time:

RMS Error in position estimate

RMS Error in velocity estimate

RMS Error in end position estimate

Error in end constraint estimate

(time, t, X, Y, Z)

(time,t,i,

(time, T, B'T and B.R or XYZ)

( Ime,T, V.)

The error in estimates of the terminal constraints is determined by the

equation

P'(T)= C(T) (T,t) P (t) _T(T;t) CTcT) (3-6)

where P' (T) is a 3 x 3 covarlance matrix of the error in estimate of

the end constraints

C(T) Point transformation from the state to the end constraints

_(T;t) TransltionMatrix

P(t) Covarlance Matrix of error in estimate of the state at

time (t).
3-6
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3.2.3 Guidance Capability

The CEPP guidance routines are entered after the navigation is

completed at a given time point as shown in Figure 3-2. The program is

capable of using either of two guidance laws: Fixed Time of Arrival (FTA)

or Variable Time of Arrival (VTA), both of which are described in

Paragraph 2.2.2.

When the VTA guidance law is being used, the program also computes

the minimum velocity correction required to control B'T and B'R to their

nominal values.

The program is capable of making six corrections along the trajectory.

The correction times are input to the program, and are assumed to be step

changes in velocity. There is no powered flight simulation.

There are three error sources included in the onboard simulation

of the control system and thruster: (i) pointing error, (2) proportional

error, and (3) resolution error. These errors may be written as:

¢PROP ffi kl Xg

e RES = k2 _g_

apT = k3 u_)
g

error proportional to velocity correction

and in the direction of the correction

error independent of velocity correction

but in the direction of correction

error proportional to velocity correction

and in a direction normal to the correction

u is a vector. The magnitude of the three constants associated with these

errors are input to the program.

The simulation also has the capability of including onboard

instrumentation to monitor the corrections. This enters into the

3-7
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simulation at the times a correction is made. It provides the capability

of increasing the error in the estimate of the velocity state by a fraction

of the error in execution of the maneuver. The effect of the monitor is

determined by the value of _ in the equation

PNEW = POLD + OC [I 0

0

;o z(¢,T)
L

(3-7)

where E(ee T) = covariance matrix of-guldance system execution errors and

0 _a_ 1.0.

The quantity, G, is input to the program. The covarlance matrix of the

expected guidance correction at time (t) is obtained as follows:

_ _ T) = G(T;t) R(t)-P(t GT(T;t) (3-8)
E (..g_g

A special guidance routine was designed to permit the parametric

study of the three guidance system error sources. The navigation data

for a system of interest is input to the program in the form of the co-

variance matrix of error in estimate of the state at each time a correc-

tion is made. The state deviation matrix (guidance data) is then propagated

through a maximum of four corrections. The variances on each of the guidance

system error sources can be stepped through a range of values at each correc-

tion point. The range of values and size of steps are controlled by input.

A sample of the data is shown in Paragraph 5.4.4. In this mode of opera-

tion, it is possible to make 250 guidance data runs to Mars in flve minutes

of computer time.
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SECTION 4

ON]_k_RD I_ASUP_4ENT TECHNIQUES

4.1 INTRODUCTION

The overall function of the navigation system, as defined in this study,

is to determine the best estimate of the vehicle's position and velocity.

An important part of this estimation process is the set of observations of

the vehicle state which may include range, range-rate, altitude, the angle

from the center of a planet to a star as observed from the vehicle, etc.

At each observation the measurement is represented by

y = H x + q (4-1)

where the two parameters h and q are, respectively, the maasurement gradient

respect to the state, and the measurement noise. The analysis in this sec-

tion is concerned with determining the relationships between the measure-

ment parameters h and q and the accuracy of the state estimate. Since

these parameters are automatically specified for a given Earth-based track-

ing system, this section considers only onboard tracking. Measurement

accuracy, celestial body selection, navigation instruments, and star selec-

tion are considered. Although the analysis applies directly to the outbound

leg of the midcourse phase, the techniques that are used are sufficiently

general that they apply to onboard measurements for the other phases of

this study as well as any other interplanetary mission. The techniques of

onboard scheduling in this section are treated in more detail in Reference

17.

4.2 SIGNIFICANCE OF THBMEASURm4ENTGPADIENT

The problem of defining an observation schedule for navigation systems

that contain an onboard tracking capability is conslderablymore difficult

than for systems that rely on Earth-based tracking. There is a much wider

choice of observations that can be made onboard as well as more restrictions

on the number of observations that can be taken and processed. Each

t PHILCO.
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observation, in fact, may impose a penalty on the spacecraft system because

of: (1) the fuel required to make a maneuver and hold an attitude during

an observation, (2) the reliability of the control system, or (3) the

measuring instrument itself. It is, therefore, important to establish the

effect of a particular observation on the estimation of the state. The

change in the state estimate with the inclusion of an observation for the

Kalman filter has been derived in Equation (2-87), and is repeated here for

convenience;

= _o + P(_T + q) - 1 H_(y.._) (4-2)

where
A

x N is the new state estimate

is the old state estimate
0

y is the measurement

is the estimate of the measurement.

The vector change in the state estimate at an observation, Ax = P( HPHT + Q)-I

HT(y-_), may be divided up into two orthogonal vectors, one in the direction

of the gradient vector, H, and one normal to it. Using projection operators

on the vector Ax, these two vectors are obtained as follows:

where

ChZh) = tl + _..0--/ '
\ _T/

Ib + '

_ = change in state estlmate along H direction.

Ax_ = change in state estimate normal to H direction.

H

h =_T unit row vector in direction of H.

(4-3)
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Equations (4-3) and (4-4) illustrate two characteristics of the H vector.

Equation (4-4) shows that if the covariance matrix of errors in estimate,

P, is diagonal with equal variances on all states, P = 2 I, the only

improvement in the estimate occurs along H. The vector _ is zero in this

instance. In the case of a general covariance matrix, there is, because of

the correlation between states, an improvement in the estimate along H and

also normal to it. The second characteristic of H which is of interest is

the manner in which its orientation affects the magnitude of the vector

change in the state estimate in both the H direction and the space normal

to H. As shown in (4-3) and (4-4), each vector is scaled by the factor

I_

i + --q--- (4-5)

HPHT

The quantity Q is the variance of the measurement due to the errors in the

instrument being used. The quantity, }£PHT, is a scalar which indicates the

variance in the measurement due to the uncertainty in the estimate of the

state. The following limiting cases 8re of interest in evaluating this

scale factor:

Q ,_>HpH T ,,, i _ 0 (4-6)
l+--q"

HpHT

1,p

Q << H_" 1 (4- 7)
1 + ._.9_

HI'It

The first case corresponds to a very poor instrument or measurement along a

direction in the state space which has a very small uncertainty associated

with it. This measurement would provide little or no information. The

second case illustrates a very fine instrument or measurement along a direction

of large undertainty or both. It can be seen, therefore, that for a given

4-3

:_H I LCO. WDL DIVISION



WDL-TR2629

instrument accuracy, Q, it is desirable, if possible, to select the grad-

ient of the measurement (H) so that it will be along a direction of large

uncertainity in the six-dlmensional state space. An objective of select-

ing a set of measurements would be to have the gradient vectors corres-

ponding to the measurement set span the total six-dimenslonal state space.

This would then allow estimation of the total state. This is not in general

required, however, because correlations between states which occur due to the

equations of motion allow a state to be estimated without actual observation

of that state (Equation (4-4)). For example, velocity information can be

obtained from smoothing position measurements.

The above discussion has been presented because once the type of

navigation measurements is selected, the scheduling of the measurements is

the only control that can be exercised over the gradient vector H orienta-

tions. The gradient vectors for the measurements which were used in the

analysis are shown in Table 4-1. The directions of these vectors can be

used as aids in setting up the measurement schedule, and are particularly

useful in selecting an onboard observation schedule.

4.3 ONBOARD NAVIGATION INSTRUMENTS

A primary consideration for onboard tracking is the instruments which

are used to make the observations. In general, the two categories of on-

board instruments that can be used for determining position and velocity

are:

al Radar-type Devices. In their simplest form these devices may pro-

vide measurements of altitude and altitude rate. In more complex

forms where several devices are coupled with an inertial refer-

ence, it is conceivable that one could obtain the following ad-

ditional quantities:

Derivations of these gradients are presented in Appendix B.
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I. Direction of the apparent local vertical in inertial coordinates

. Velocity relative to the surface and inertial direction of this

velocity vector.

b. Optical Type Devices

I, Scanners _Visible or Infrared Region). These devices are gen-

erally automatic, and can be arranged such that their optical

center remains near the center (or riu0 of a celestial body of

the solar system. If the device is combined with an inertial

reference platform, the inertial direction is obtained. With

other modifications the subtended angle can also be obtained.

Another scanner possibility would combine the instrument with

a star tracker. The star tracker will establish an inertial

direction, and an appropriately designed end mounted planet

tracker could provide the angle from the star to the planet

rim or center.

.

.

Theodolite. This device may be used on manned space vehicles

where the man directs the theodolite to the apparent canter of

the body in the solar system. If the theodollte is mounted on

an inertial platform, then the measurements possible are the

directions (two angles) of the celestlal body (apparent center

or landmarks) in a known inertial reference system. Modifica-

tions could also allow the measurement of the subtended angle.

Sextant. This device is also used on manned vehicles. It has

the capability of measuring a single angle. One can measure

an inertlal angle (e.g., from some star to the apparent center,

rim, or a landmark of a body of the solar system) without the

need of an inertial reference platform. An appropriately de-

signed sextant can be used for a variety of purposes in addition

to the above such as:

4-5
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(a) Measurement of the subtended angle of the body, or per-

haps the angle between two landmarks

(b) The angle between two given bodies of the solar system.

In addition, the instrument may be calibrated onboard by star-

to-star measurements.

Co YhotograPh of the Celestial _dy In The Solar Syste_m In The Star

Background. The reduction of the photograph by the onboard per-

sonnel can provide the inertial direction (two angles and perhaps

the subtended angle of the body).

Since the radar devices are restricted to use in the immediate vicinity

of a celestial body, the measurement schedule developed in this section

will assume the use of an optical device. The analysis applies to either:

(I) a theodolite which measures the direction of the line of sight (LOS) to

a planet or the Sun, or (2) a sextant which measures the angles between a

planet and a star.

For the onboard measurement instruments that have been selected, it is

possible to develop a measurement schedule that is based on: (I) position

measurement accuracy associated with a planetary body, (2) the positions of

the planetary bodies, and (3) the selection of stars for use with sextant

measurements. The position measurement accuracy specifies the numerical

value of the error in a single vehicle position estimate when using a speci-

fic body. The selection of planetary bodies and the stars determines the

direction of the H vectors associated with the measurements such that a

maximum amount of position and velocity information is obtained from each

of the six dimensions of the state space. The remainder of this section

is devoted to developing a measurement schedule for the midcourse trajectory.
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4.4 MEASUR_4ENT ACCURACY

The purpose of this subsection is to develop the error model for the

instrument errors and to show. the position measurement accuracy along the

nominal trajectory. The angular measurement accuracy which is attainable

with an optical device is usually specified in terms of minutes or seconds

of arc. The standard derivation of this error has been assumed to be

where

I --i (4-8)

2 = the variance of the angular error when the instrument
k I

is used for star-star measurements

k_ variance of the angular error when the instrtrmentthe

is used to measure the subtended angle of the body at

some low altitude

RAD = radius of the body

R = range to body center

The standard deviatlon of the measurement nolse ((q) in (¢-l))is therefore

specified by _ in (4-8). The error model given by Equation (4-8) is based
e

on the assumption that, as the body is approached, its size in the field

of view increases, which causes a greater error in detecting th_ apparent

center (or rim). It is likely that the magnltude of the total LOS rate

should also enter in this error model due to the difficulties of tracking

a moving object. The LOS rate effect has been neglected because of a lack

of information on how to include it.

Since the measurement error is an angular error, the position uncer-

tainty established with such a device is dlrectly related to the range of

the body being observed. The uncertainty in a position measurement ep as

a function of range to the center of the planet of interest is given by

I |= IRI (4-9)
P ¢ I I
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where IRI
O

e

= Range to planet,

= Measurement error (standard deviation).

One can, therefore, use (4-9) to calculate the uncertainty in a position

measurement when using the celestial bodies of interest along a nominal

trajectory. The standard deviation of the measurement error, u , which
¢

was used in the study for the I0 arc second device is shown in Figure 4-1.

Also, the error in a single position measurement is shown for this instru-

ment.

The main results of this measurement accuracy section are given in

Figure 4-2, which shows the error in position estimate (¢p) for a single

observation of various planets as calculated by (4-8) and (4-9) along the

nominal trajectory. This figure indicates that the Earth and Moon provide

the smallest position uncertainty early in the flight. In the middle of

the flight, the Earth, Moon, Sun, Venus, and Mars give about the same un-

certainty (I0,000 km). At the end of the flight, however, Mars has by far

the smallest position uncertainty. Also, as seen from the figure, Jupiter

is not of importance in selecting a schedule since the measurement error

for this body is very large during the entire flight. Thus the results

shown in this figure indicate which planets should be selected along the

trajectory in order to obtain good measurement accuracies.

4.5 BODY SELECTION

This section is primarily concerned with determining the direction of

the measurement gradient H for various planets and the Sun, such that the

observations will provide information on all six dimensions of the state

space. The results of determining the direction of the H vectors may then

be combined with the measurement accuracy data in order to select a measure-

ment schedule. This is illustrated by selecting a measurement schedule for

the outbound leg of the midcourse trajectory.
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The LOS to a planetary body is important because the plane of the H

vector associated with a sextant or theodolite measurement to the body is

normal to it. Therefore, this is the plane in which information on the

position of the vehicle can be obtained. This is shown analytically in

Table 4-1 and graphically in Figure 4-3. From Figure 4-3, it is seen that

any two star-planet measurements using a planet along OA result in H vec-

tors that lie in a plane perpendicular to OA. The two orthogonal star

measurements shown are identical to one theodolite measurement, i.e., they

determine the vehicle position in the plane spanned by H I and H2.

The problem of selecting planetary bodies such that information is

obtained on the three position coordinates of the vehicle state can be

considerably simplified. For interplanetary trajectories with reasonable

launch energies, the trajectory plane and the orbit planes of all the

planetary bodies are nearly in the plane of the ecliptic. As a result,

the problem of determining the vehicle position can be resolved into: (I)

position normal to the ecliptic plane, and (2) the two-dimenslonal position

in the ecliptic plane.

Information on the vehicle position along the coordinate normal to the

ecliptic can be obtained by measuring the angle between any planetary body

and a background star which has a direction normal to the plane of the

ecliptic. This measurement results in an H vector which is perpendicular

to the ecliptic plane. For out-of-plane measurements, it is therefore

reasonable to use the planetary body that provides the best measurement

accuracy.

The problem of determining the tw_dimensional position in the tra-

jectory plane is more difficult, since it is necessary to select two bodies

whose measurement H vectors span the trajectory plane. The selection of

a schedule for inplane measurements is made on the basis of the location

of the bodies in the ecliptic plane relative to the vehicle as well as the

measurement accuracy data. The location of the bodies in the ecliptic
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plane relative to the vehicle can be determined from the RA of each body

in the vehicle-centered ecliptic coordinate frame. As shown in Figure 4-4.

If the difference between the RA of two bodies is 90 ° , the H vectors will

be orthogonal and will therefore provide the best estimate of the inplane

components. The values of RA for the planets of interest are shown in

Figure 4-2B with the same abscissa as in Figure 4-1A, and can therefore be

used in conjunction with the measurement accuracy.

Figure 4-2A indicates that, for the early part of the trajectory, the

Earth provides the best measurement accuracy. The Moon would also provide

good navigation data in the early part of the trajectory. Although from

Figure 4-2A the Sun appears to provide fairly good measurement data, the

use of this body would not be expected to provide any additional informa-

tion for the first 40 days. This is because the RA of the Earth and the

RA of the Sun in the early part of the trajectory are almost 180 ° apart,

and therefore, the position information obtained from these two bodies is

almost colinear. Figure 4-5, which shows the propagation of injection

errors and includes the effects of Earth and Sun observations made along

the trajectory, shows that there is, in fact, no improvement in either the

B • T or B • R end constraints by combining Earth and Sun observations,

rather than using just Earth observations. This figure also indicates no

change in theY. T error and implies, therefore, that this constraint is

dependent on the coordinate which is normal to that determined by either

the Earth or the Sun.

In order to obtain a good position estimate along the direction normal

to the position estimate provided by the Earth, it is necessary to use a

body whose RA is about 90 ° from that of the Earth. This value of RA is

defined by A-A on Figure 4-2B. Any body whose RA passed through the

cross-hatched area will provide good information on the coordinate normal

to A-A for the first 60 days. At 12 hours from injection, the Moon passes

through the area as shown by the figure. During this time, it is possible

to obtain a good measurement of the coordinate normal to A-A, since the

measurement accuracy using the Moon at this time is good as seen in Figure

4-10
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4-2A. The value of Moon observations at this time is verified by Figure

4-6, which shows a reduction in the_" T error in estimate starting at

about five hours from injection.

An alternate method for obtaining information on the coordinate normal

to A-A is to make Sun observations starting at 40 days. At this time, the

Sun crosses the region of interest in Figure 4-2B and takes 40 days to

cross it. The tracking data shown in Figure 4-7, which uses Sun and Earth

observations during the first i00 days, shows that the Sun observations at

about 40 days have the same effect as the Moon in reducing B • T errors in

estimate. The improvement is not a great as when the Moon was used. This

might have been expected since the measurement accuracy with the Moon is

greater than that with the Sun at this time as shown in Figure 4-1A.

During the second half of the trajectory, Mars is in a good position

to maintain the position information along the A-A direction. The Earth

and Sun are in a position to permit estimation of the vehicle's position

normal to A-A, although the quality of the measurements is poor. Over the

second half of the trajectory, it is therefore possible to have near ortho-

gonal directional coverage of the trajectory plane by observing Mars and

either the Earth or Sun.

As the result of both the measurement accuracy and direction of the

measurement gradient, H for each body (Figures 4-2A and 4-2B, respectively),

a schedule has been defined for observing planetary bodies, and is presented

in Table 4-2. This schedule may be used for measurements with a theodolite

on an inertial platform, or it may be used with a sextant In conjunction

with a star selection schedule.

An additional body selection schedule has been developed for use with

the low energy trajectory. Figures 4-8A and 4-8B give the measurement

accuracy and RA data, respectively, for thls trajectory. This data indi-

cates a more favorable tracking situation because Earth and Mars provide

an average measurement accuracy that is better than that for the nominal
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trajectory. The fact that their measurement accuracies are good allows the

two bodies to provide position coverage of the ecliptic plane. The bodies

differ from being colinear by I0 to 30 degrees. The schedule that has been

defined for the low energy trajectory is given in Table 4-3, and again is

based on measurement accuracies and the position of the bodies.

The body selection schedules of Tables 4-2 and 4-3 have both been

developed without considering the number of observations that should be

taken for each body. The numbers of observations is important because

each observation requires a certain amount of time and fuel to maneuver

the vehicle into the proper attitude. It is therefore, desireable to

adopt a schedule where the number of observations is not excessive. One

of the main considerations in determining the number of observations is

the accuracy of the measurement. During the early part of the mldcourse

trajectory, the Earth provides accurate measurements, and near the end

Mars provides accurate measurements. Also, at these times there is only

one body to observe and, therefore, maneuvering is held to a minimum.

The number of observations is also important because there is a

tradeoff between instrument accuracy and the number of observations. This

is shown in Figure 4-9, where the navigation performance is compared for

two sextants with accuracies of l0 arc seconds and 20 arc seconds. Curves

(1) and (2) have been obtained with 162 inplane measurements and 32

out-of-plane measurements. The degradation in performance with the

20-arc-second device at 220 days is 100 percent. This is the type of

increase that would be expected in a linear system where a parameter is

estimated with an instrument having only random errors. The results in

curve (3) show that the error in estimate is reduced very nearly by the

square root of the number of observations

= _INST .)( c_EST T

:)HI LCO.
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Curve (3) represents the results obtained for a 20-arc-second device

and four times as many observations as in the other two cases. As seen

from the figure, the error in estimate is almost identical to that for the

more accurate instrument.

4.6 STAR SELECTION

In this subsection, the equivalence between a theodolite measurement

and two sextant measurements is established; the star selection problem is

evaluated in terms of obtaining a good estimate of the vehicle velocity;

and, finally, a technique is developed for selecting a star schedule based

on the body selection as well as the velocity state.

The direction of the LOS can be obtained by using either a theodolite

measurement or two star-planet measurements. Either of these measurements

will determine the vehicle's position in a plane normal to the direction of

the LOS. When the two background stars used with the sextant are

perpendicular (Figure 4-10), the accuracy of the direction of the LOS

measurement should be equal to that obtained with a theodolite. This

equivalence is verified by Figure 4-11 which gives the _ error in

estimate of position miss _; and _IR) at Mars encounter, as a function

of time from Earth injection for both sextant and theodolite observations.

Two orthogonal sextant measurements were taken for each theodolite

measurement. The figure indicates that both schemes are equivalent and

provide a miss distance error in estimate of I0 km at Mars. The platform

which was used with the theodolite was aligned with the Earth equator and

equinox of 1950. The stars which were used had the reference direction

shown in Figure 4-10 in the ecliptic plane. This also illustrates the

fact that, as long as two orthogonal measurements are made using an

instrument with uncorrelated measurement errors, the platform orientation

or reference direction is not important.
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It is of interest to note the degradation in performance if the

measurement conditions with the sextant are not optimum. The data in

Figure 4-12 show a comparison of the error in end-polnt estimates for two

cases. The one case used two sextant measurements at each point with star-

planet lines which were orthogonal. The second case considered the same

measurement pairs, but the star-planet lines were separated by 45 degrees.

The degradation in the estimate at the end time under what would be quite

unfavorable conditions is from 3.1 km to 3.5 km.

If the sextant is used in such a manner that two measurements are not

taken at each point, a number of questions arise:

ao Is the choice of the reference direction in Figure 4-10 important?

b. What is the relative importance of the measurements taken using

Star No. I and those taken using Star No. 2 once a reference

direction is chosen?

Since the principal uncertainties in the estimate of the terminal miss

are due to errors in velocity estimate, it is reasonable to now consider

the orientation of the reference direction such that maximum information

may be obtained on the vehicle's velocity.

To do this, the problem is again reduced to determining velocity

components in the orbit plane. It is, therefore, reasonable to select the

reference directions in Figure 4-10 so the stars are in the following

directions:

l)

2)

Star No. I is in the direction of maximum rotation rate of LOS

due to the vehicle's inertial velocity.

Star No. 2 is in the direction of zero rotation rate of the LOS

due to the vehicle's inertial velocity.

IH I LCO
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It is the vehicle's "inertial velocity" that is important because the

celestial body ephemeris in the star background is accurately known and,

therefore, the clestial bodyls velocity does not provide information

on the estimate of the vehicle's position or velocity.

The direction of the maximum and zero LOS rate are defined by the

and e unit vectors respectively which are

and

where

^ r x__.._v r (4-16)
u =Ir x vl x _rl

£ = r x v (4-17)
Irx_'

r = instantaneous vector between the vehicle and the

celestial body

v = inertial velocity vector of the vehicle relative

to the central body

Also, since the orbit planes, of the celestial bodies and vehicle orbit

plane are all essentially in the ecliptic plane, the unit vectors _ and

are in the ecliptic plane and normal to the ecliptic plane, respectively.

This establishes the ecliptic as the plane of reference ( 8 = 0 °) in

Figure 4-10.

The body selection schedule was chosen so that the two bodies selected

have a difference in RA as close to 90° as possible. Use of the two bodies

in that schedule with stars in the _ direction, therefore, provides good

two dimensional inplane position information, and use of any body with a

star in the _ direction provides information on the position coordinate

normal to the ecliptic plane. This position information is smoothed to

provide the velocity information.
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In order to determine the availability of specific stars along the

trajectory that can be used in conjunction with the body selection

schedule, the right ascension of Earth, Mars, and the Sun in a

vehicle-centered 1950 equator of date coordinate system is shown in

Figure 4-13A as a function of time from injection. Figure 4-13B

shows the celestial sphere as seen from the spacecraft, where the

dotted llne is the ecliptic plane projected onto the sphere, and some of

the first, second, and third magnitude stars near the ecliptic have been

included. The feasibility of taking a sextant measurement at a given

time can be determined by first selecting a body from the body selection

schedule, and then by using Figure 4-13A and Figure 4-13B to determine

whether the availability of stars and the position of the Sun will make

the observation possible.

In order to illustrate the use of Figure 4-13, an example is now

considered. Assuming the body selection data indicates that the observations

of the Sun and Earth are desirable at 120 days, Figure 4-13A is entered at

this time. As shown by the dotted lines, the right ascensions of these

bodies are projected into the ecliptic plane shown on the celestial sphere

in Figure 4-13B.

The intersection of the dotted lines and the ecliptic plane represent

the positions of the Sun and Earth on the celestial sphere as viewed from

the spacecraft at 120 days along the trajectory. Forty by sixty degree

sectors about each of these points have been enlarged and are shown in

Figure 14. It can be seen in Figure 14B that both bodies are very near

the ecliptic plane and that the _ and _ measurement directions are

tangent (in the plane) and normal to the plane. Overlayed on each sector

is a20-degree-diameter circular window. The overlay could be made to

any size and shape which corresponds to the vehicle's observations window

constraints. The vehicle windows shown in the figure present the bodies

of interest and the background stars available at the specific time.
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The upper part of Figure 4-14 shows that the first magnitude star

Regulus can be used for a measurement of the position in the _ direction.

The use of the star would be restricted to a slightly earlier or later

time since it is directly in the sun at the time shown. The time

difference which would be required would depend on the angular separation

between a star and the Sun required for making such a measurement when

using a specific instrument. Slightly earlier in the flight (three

degrees right ascension or about four days), the third magnitude star,

WLEO' in the upper part of the window would be in an ideal position

for a position measurement in the g direction. It is within the vehicle's

window for the time shown and not too far from the reference _ direction.

The same type of analysis can be performed for the Earth which is shown

in the lower portion of Figure 4-14. In this case, the star Spica could

be used for a _ measurement, and a few days later it would be positioned

for a measurement in the _ direction,

If these two bodies, Sun and Earth, were to be observed at approximately

the same time, Figure 4-13 also indicates that the vehicle must be

reoriented 52 degrees in RA and 20 degrees DEC. With a specific control

system, these required excursions could be used to generate data on the

time and fuel requirements for such a maneuver. The data generated in

this manner would likely dictate how often one might want to switch bodies

being observed.

The data in Figure 4-13A can also be used to evaluate the position of

tle Sun relative to a body of interest. This would be done to ensure that

the Sun did not "blind" the instrument being used. For example, at the

time of 120 days the Earth is 50 degrees away from the Sun. The figure

also indicates that this is as close as the Earth gets to the Sun along

the whole trajectory.
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These data are presented to indicate the manner in which stars might

be selected for use with a specific body. It also indicates that, with a

star tracker with the capability of tracking a third magnitude star, selec-

tion of a star in a specific direction is not difficult.

With the reference direction chosen, it is of interest to determine the

relative importance of inplane measurements in the _ direction) and out-of-

plane measurements (in the _ direction). Although this question is quite

complex because it Is a function of the particular trajectory as well as the

navigation time histories up to the point of interest, it is possible to

point out some of the important considerations for a given set of data. Three

sets of data with a fixed number of measurements are shown in Figure 4-15

which indicate the relative importance of Inplane and out-of-plane measure-

ments for the nominal trajectory*.

Curve (i) has been obtained by taking seven inplane observations for

each out-of-plane observation (7:1 ratio). Curve (2) was obtained by

reversing the ratio (1:7). Curve (3) has been obtained by using the Curve

(1) ratio (7:1) during the first 100 days and a 1:1 ratio during the

remainder of the flight. Regions on these curves where measurements are

being taken but no reduction in the estimation error occurs indicate

measurements which are not useful (90 to 150 days on Curve (I)). Also,

points on the curves where a large reduction in the error occurs (70 days

on Curve (2)) when the less frequent measurement is taken indicate that

the measurement is not being taken often enough. During the first I00

days, a comparison of curves (I) and (2) indicate that the Inplane

measurement is more important. In particular, curve (1) shows a gradual

decrease in error from 40 to 80 days with the large number of Inplane

measurements. During this same interval on Curve (2), there is very

little reduction in the error in estimate while out-of-plane measurements

are taken. When an inplane measurement has been taken there is a

*These results have been obtained using System IV navigation system as

described in Paragraph 5.3.2.
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relatively large decrease in the estimation error (35 to 70 days). Dur-

ing the time from 130 days to the end of the flight, the data in the two

curves indicate an importance in both types of measurements. There are re-

gions in which reductions in the error in estimate occurs for both types of

measurements.

The third curve has been generated using a l:l ratio of measurements

from 90 days to the end. During the period from 220 days to 234 days 0

hours, Curve (3) provides a better estimate than Curve (1). This

illustrates that replacing some of the inplane measurements with

out-of-plane ones from 90 days up to thls time produces a better estimate.

On the other hand, from 234 days to the end-polnt, Curve (2), shows the

out-of-plane measurements, but provides no information; Curve (1) shows

that inplane measurements are extremely important over the last 12 hours.
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SECTION 5

EARTH-MARS MIDCOURSE STUDY

5.1 INTRODUCTION

The principal results of this study, which include a statistical

error analysis for the navigation and guidance systems, are presented in

Sections 5, 6 and 7. The analysis in this section pertains to the mid-

course phase of the Earth-Mars mission. It is defined to be the interval

of time between injection onto the transfer trajectory from a 185 km

altitude Earth park orbit and the point of closest approach to Mars.

Since it has been found that the accuracy of the guidance system is highly

dependent on the accuracy of the navigation system, the navigation is

studied first, and these results are then used to study the guidance system.

The analysis of the navigation system is concerned with determining

the accuracy with which the position and velocity of the vehicle can be

estimated. Since one of the primary objectives of the study is to compare

the capabilities of ground-based and onboard navigation systems, the

navigation analysis is carried out for each of the four systems described

in Section I. The overall figure of merit that is used for comparing the

navigation systems is the error in estimate of the end-polnt constraints

on the nominal trajectory.

The guidance analysis for the midcourse phase is concerned with de-

termining the number of corrections and times at which they are made,

evaluating two different guidance laws, and analyzing the effects of

errors resulting from the thrusting maneuvers. The figure of merit used

for the guidance system evaluation is the deviations of the end-polnt

constraints. The specific requirements on these deviations are quite

mission-dependent. For example, on Mariner IV the primary concern was

to fly by the planet with a high probability of not impacting. With the

large distance of closest approach which was used, large guidance
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deviations could be tolerated. If, instead, an atmospheric braking maneuver

were to be executed at Mars, a much smaller tolerance on the deviations is

required. In the analysis of the four systems which follows, a basis of

comparison which is used is a _ 3.5 km deviation in the altitude direction.

This would provide sufficient accuracy for the terminal maneuver to be

performed with atmospheric maneuvering. This deviation error represents

approximately a three-sigma confidence level of hitting a 21 km entry

corridor at Mars. This corridor width was obtained in a previous study.

The analysis in this section has been performed for a given nominal

trajectory and for assumed numerical values of the statistical errors.

Use of the results in this section to specify hardware requirements is,

therefore, limited by these assumptions that have been made for the Earth-

Mars mission. The techniques that have been developed to analyze the

guidance and navigation requirements are not limited, however, and in fact

could be applied to any interplanetary mission.

5.2 MIDCOURSE STUDY RESTRICTIONS

In order to keep the scope of the study to a reasonable size, two

restrictions have been made on the midcourse phase study. The restrictions

concerned: (I) the nominal midcourse trajectory, and (2) the initial

injection errors.

5.2.1 Nominal Trajectory

The trajectory that has been considered as a nominal for the mid-

course phase is shown in Figure 5-1 and described in Appendix C. It has

been selected from a previous mission analysis study (Reference 19), and

is based on a 1975 launch date and the fact that the position of Earth and

Mars must be favorable for the return to Earth after a short time in a

Martian orbit. As a result, the two planets are not in a favorable position

at launch from Earth; therefore, an extremely high injection velocity

(16 _n/sec) is necessary.

#The study parameters and the definition of the corridor bounds are described

in Reference 18.
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In order to investigate the effects of choosing a particular

trajectory, the trajectory shown in Figure 5-2 and described in Appendix C

has also been considered. This trajectory has a considerably lower in-

jection velocity (11.8 km/sec) and is more representative of the type that

would be used for a Mars flyby (Mariner IV). For a round trip it might

be used with a Venus swing-by on the return.

The nominal trajectory has been constrained to pass Mars in the

desired manner by using the B vector constraints described in Section 2

and Reference 3. The specific constraints that have been used are B.T =

I;I and B-R = O. The _ and _ unit vectors have been selected to be in

the Mars orbit plane (x-y plane of the target coordinates)and normal to

the Mars orbit plane, respectively. The approach geometry and the nominal

values of the B, _, _, and @ vectors for this trajectory are shown in

Figure 5-3. The nominal values of _.@ and B-R indicate that the trajectory

passes on the Sun-llghted side of Mars near the ecliptic plane. Further-

more, these nominal constraint values indicate that deviations in B._ are

associated with deviations in the B vector magnitude or the radius of

closest approach and deviations in_-_ are associated with deviations in

the Inclination of the approach trajectory relatlve to Mars.

Figure 5-4 shows the relationship between the B vector magnitude

and the radius of closest approach for both the nominal and low-energy

trajectories. These curves have been computed from equations given by

Battin (Reference 4). Since the slope of these curves is 0.95, there is

approximately a I:i correspondence between deviations in the B vector

magnitude and deviations in the radius of closest approach. As a result,

it is possible to perform the analysis of the navigation and guidance

systems in terms of B vector deviations and interpret the results in

terms of the deviations in the radius of closest approach.

5.2.2 Injection Errors

Since neither the powered flight nor the Earth park-orbit phases

are considered in this report, the errors from these phases become initial
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errors at injection onto the midcourse trajectory and, therefore, affect

the results of this section.

Numerical values of typical injection errors have been supplied by

MSFC (Reference 20). The standard deviations of position and velocity

for these errors are shown in Figure 5-5 as a function of time in park-

orbit. The nominal trajectory used in this analysis has a 30-minute

park time. The complete covariance matrix of injection errors for this

park time is shown in Figure 5-6. Propagation of this covariance matrix

along the nominal trajectory to the end point yields one-slgma deviations

in the end constraints, B • T and B • R, of 2.01"104 km and 8.40"i04km,

respectively.

The second launch opportunity on I0 February 1975, has a park time

of 85 minutes. Due to the longer park time, this trajectory has larger

injection errors and, therefore, has been used to generate data illustrating

the effects of larger injection errors.

5 •3 NAVIGATION ANALYSIS

The analysis in this section consists of studying the ensemble statis-

tical behavior of the four navigation systems defined in Section I. This

is accomplished by propagating the covariance matrix (P) of errors in

estimate of the vehicle state (_) along the nominal trajectory, using the

linear perturbation techniques and Kalman filtering theory discussed in

Paragraph 2.5.1. The navigation systems as defined in this study perform

the following functions:

a. Make measurements of observable quantities such as range, range

rate, azimuth, elevation, angles of celestial bodies, etc.

b. Obtain a best estimate of the vehicle position and velocity by

filtering the data taken at each observation.

c. Predict future states and compute the end constraints.
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The general problem of estimating the vehicle state which includes

the times at which the observations are made as well as which quantities

are observed, is considered in the following subsections.

5.3.1 Measurement Schedule

This subsection presents a description of the measurement schedules

which are used with the four system configurations as well as a description

of the characteristics of the measurements which are used.

System I uses only Earth-based tracking for its navigation data.

The types of measurements available when using Earth-based tracking are

largely determined by the available tracking facilities. The use of the

DSIF (Deep Space Instrumentation Facility) has been assumed in this study

with the tracking stations at Johannesburg, Goldstone, and Woomera. The

measurements taken at these stations are range-rate,elevatlon, and azimuth.

Table 4-1 gives the gradient of each of these measurements with respect

to the vehicle state. The results in the table show that, with this

combination of measurements, it is possible to obtain information on the

vehicle position in a plane normal to the line-of-slght (LOS) from the

tracker to the vehicle, and information on the vehicle velocity along the
1

LOS direction. The position information degrades as T ' where R is the

radius from the tracker to the vehicle. The velocity information from

the range-rate data is independent of range.

The time at which observations are made f_r Earth-based tracking

does not require selection. It is likely that observations would be made

whenever the vehicle is in view of the stations being used. The schedule

used in this study with the DSIF is given by Table 5-1.

Although the computational facilities of an Earth-based navigation

system could process nearly all the observed data, thus making schedule

selection an unimportant consideration, it is possible that one particular

trajectory may be selected because it provides a more favorable schedule.
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The influence of the trajectory itself on the navigation capability of a

fixed-navigation system such as the DSIF is shown by comparing the tracking

data in Figures 5-7 and 5-8 obtained for the nominal trajectory and the

low-energy trajectory. The two important factors of a trajectory which

influence the tracking capability of an Earth-based navigation system

are: (1) the time which is spent at small ranges because the position
1

data degenerates as[m , and (2) the inertial angle swept out by the tracker-

vehicle line-of-sight over the trajectory.

The nominal values of the measurement errors which have been used

in the analysis of System I are shown in Table 5-2.

Systems II and III represent navigation systems which are combinations

of Earth-based tracking and onboard observations. The selection of a

schedule for these systems was made by utilizing the information in Section 4

as a guide to the onboard schedule selection. The schedules which were

used with these systems are shown in Tables 5-3 and 5-4. The difference in

the schedules for the two systems during the approach phase reflects the

navigation data restrictions which were imposed in the vicinity of a guidance

correction.

These restrictions were made to allow time for the guidance commands

to be computed and transmitted to the vehicle as well as time for the

maneuvers themselves to take place. These periods are shown in Figure 5-9.

Although the duration of these periods vlries somewhat for each

navigation system, they may be classlfied in general as: (1) a period

during which the guidance maneuver is computed based on the last estimate

of the state, (2) a period to send the guidance corrections to the space-

craft and verify that this command has been received, (3) a period during

which the spacecraft's attitude is changed in preparation for the actual

thrusting maneuver, and finally (4) the time at which the impulse is

applied (the Av correction).

IPHILCO.
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The schedule selection for System IV is described In Subsection 4-5.

The complete schedule which has been used in the analysis in shown in

Table 5-5. This again reflects the restrictions shown in Figure 5-9.

5.3.2 Navigation Systems Con_ariso n

In this subsection, the navigation performance is measured by the
A A

error in _ • T and _ • R end-point estimates for each of the four systems

defined in Section i. Although bias errors clearly affect the error in

estimate of the state, with the exception of station-location bias errors,

only unbiased statistical measurement errors are considered.

Although it is clear that the guidance corrections depend on how

well the navigation system can estimate the state, the converse is also

true; i.e., the uncertainty in the guidance execution errors becomes part

of the overall error in estimate of the state P after the guidance maneuver.

As a result, a realistic evaluation of a navigation system should include

the effects of guidance errors. For the four navigation systems studied

in this section, the effect of nominal guidance errors is included by

defining a P after a correction which includes a percentage of the velocity

uncertainty due to the execution errors,

Pafter = Pbefore + _Ii 0 1
, (5-I)

E(¢¢ T)

where @ is the result of an onboard monitor which reduces the uncertainty

in the estimate of the execution errors, ¢. A value of 0.01 has been used

for _in the analysis. The nominal guidance system whose parameters will

be studied in the Guidance Analysis Section is assumed to have the following

execution errors: (i) a resolution error of 0.i meter/sec, (_r) (2) a

proportional error of i percent, (Uv) and (3) a pointing error of 0.5 degrees

(Up). The times at which the midcourse guidance corrections are made with

* Described in Subsection 2.5.3
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each of the four systems are derived in the Guidance Analysis Section

and shown in Table 5-6.

One parameter that determines the capability of the combined navi-

gation and guidance systems to satisfy the mission constraints is the

end-polnt deviations of the miss vector B. For each of the four navigation

systems, the errors in estimate which are studied parametrically are used

at each of the guidance correction times to compute the end-polnt deviations

in B • T and B • R. Figure 5-10 illustrates this process of combining

navigation and guidance data to obtain the end-point deviations.

From the results of this section, it is possible to determine the

types of missions each of the four systems would be capable of accomplishing.

Furthermore, the data shows the instrument accuracies required by each

system to satisfy specific requirements under the assumptions of this study.

5.3.2.1 System I. This system as defined in Section 1 is the least complex

onboard system of the four systems to be considered since it relies entirely

on Earth-based tracking. The purpose of studying this system is to compare

its performance with the more complex onboard systems, as well as to deter-

mine the penalty paid when a manned mission is forced to rely totally on

onboard equipment due to a conlnunication failure.

The navigation data using the DSIF tracking network are shown in

Figure 5-11. The measurement errors which were used are shown in Table 5-2.

The schedule of observations is shown in Table 5-1.

The error in estimate, P(t), of both position and velocity that

resulted from these measurement errors is shown in Figure 5-11. The

initial value of P is the covariance matrix of the injection errors that

are shown in Figure 5-6. These errors in estimate were also propagated

to the end point, Equation (2-62), and transformed into errors in the

estimate of the miss vector B • T and B • R, by using the transformation

C (T) in (2-31). These results show the decrease in the error in estimate
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of the end constraints as more tracking data are included. The final

error in estimates of B • T and B • R with this system are ii0 km and 8 km,

respectively. The nominal guidance system performance has been evaluated

using the errors in estimate given in Figure 5-11. The state deviation

covariance matrix, PAR(t), following a correction is defined in (2,120).

This matrix is particularly useful when projected to the end-polnt because

it then gives a measure of the system's overall performance. The end-polnt

state deviations PAR(t) for System I were transformed into constraint

deviations, and are listed in Table 5-7. Deviations are shown after each

of the two guidance corrections. The final results_ one-sigma deviations

in B • T and B • R of 28.1 km and I19 km, respectively_are 128 percent

and 5.3 percent larger than the estimation errors. This difference is

due to the nominal guidance system execution errors.

In order to relate these end-point deviations in terms of in-plane

(B • T) and out-of-plane (B • R) components to the capability of the DSIF

navigation system, the error in estimate, P(t), at 200 days was transformed

into NVW coordinates. These results are shown in Figure 5-12. This

covariance matrix in NVW coordinates has been normalized by dividing each

Pii component by Pil and each PiJ component by P/_il P/_j_. As seen from

the figure, the position and velocity estimation errors normal to the

trajectory plane (uW and a_) are each approximately four times larger than

the next smaller corresponding coordinate uncertainty. Since the largest

correlation factor between W or W and the other states is 0.067, these

states are essentially uncorrelated with the other states. Therefore,

these states normal to the trajectory cannot be estimated except by observing

them directly.

The range-rate data from the DSIF is quite accurate but is limited

to in-plane velocity measurements. This is because the measurement gradient,

H, is along the tracker-vehlcle LOS, which is nearly in the trajectory

plane. Although the angular measurements from the DSIF do provide information

* This coordinate system has been defined in Subsection 2.2.2.
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on the out-of-plane coordinate (See Table 4-I), these H vectors are
1

dependent on _, where R is the range from the tracker to the vehicle,

and therefore do not provide accurate measurements when the vehicle is

near Mars. The net result is that the DSIF does not provide a good

estimate of the out-of-plane state. This is indicated by the large error
-'- A

in estimate of B • R in Figure 5-11 and the large values of Gw and G_

in Figure 5-12.

The results in Figure 5-ii may be somewhat optimistic at this

time because the analysis did not include the effects of bias error sources.

These would include station location errors, constants in the equations

of motion, and measurement biases.

These results, for example, have been computed with the Earth as

a reference. If they were to be transformed to a Mars-centered coordinate

frame, the errors in the physical model would increase the error in esti-

mate of the state. The uncertainty in the AU may vary from 200 km to 500

km (Reference 21). It should, however, be noted that, as the physical

c_nstants are estimated to a higher degree of accuracy as the result of

current space missions (References 22 and 23), the results that have

been obtained will be more realistic.

The theory of treating bias errors has been given in Subsections

2.5.2 and 2.5.3. As shown in those subsections, it is posslble to either

estimate these errors as part of an expanded state vector or to determine

their effect on the state estimate without solving for them.

A source of bias errors that has been considered is the station-

location errors. This analysis has been performed with the Advanced

Error Propagation (AEPP) (Reference 12).

The effects of the station location errors are shown in Figure

5-7 for three cases. The cases shown are: (1) no station location errors,

(2) station location errors included but not solved for, and (3) station

5-10
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location errors included and solved for. The results shown are the RMS

error in estimate of the end-polnt B vector constraints as a function of

time. As seen from this figure, there is a degradation in the navigation

system performance from ii0 km, with no bias errors considered, to 250 km,

with the errors included but not solved for. When these bias errors are

solved for, however, the degradation in performance is considerably less.

The _MS error in estimate of the end-polnt constraints Is 125 km.

The reduction in the error in estimate of the station locations

is shown in Figure 5-13 for each of the three stations as the navigation

data are processed. These errors result from the inability to define the

position of the tracker stations on the Earth's surface, and are presented

in terms of errors in the northerly direction and errors in the easterly

direction. On this trajectory, the error in estimate of the tracker

positions is reduced from I00 meters to approximately i0 meters.

To investigate the degree to which the data which have been

generated are trajectory-dependent, the same quantities have been computed

for the low-energy trajectory. The RMS error in estimate of the end-polnt

deviations is shown in Figure 5-8 for the three treatments of station

location bias errors. A comparison of Figures 5-7 and 5-8 show that the

results obtained for the low-energy trajectory are considerably better.

This improvement is primarily due to the reduction in the B • R estimation

error. For the case where no bias errors were included, it was reduced

from ii0 km on the high-energy trajectory to 25 km on the low-energy

trajectory. The reason for this improvement is that the distance from

the Earth to the vehicle is significantly smaller for a longer period of

time as shown in Figure 5-14. As a result, the angular measurements
.._ A

which depend on _ provide better out-of-plane (B • R) estimates of the

vehicle state. The better orbit determination accuracy also improves the

bias error estimates when they are included in the complete state vector

and solved for. The reduction in the error in estimate of the station

locations is shown in Figure 5-15, where the eastlng and northing estimate

errors are plotted as a function of time. A comparison of Figure 5-13
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and 5-15 shows that, in some cases, the error in estimate of the station

location was reduced more on the low-energy trajectory. In other cases

the reverse was true. It should be noted that the significance of a

particular bias error source depends on the trajectory itself. For

example, it is doubtful that much information on the mass of Mars could

be obtained by estimating it along a lunar trajectory. On the other

hand, estimation of the Earth's mass or oblateness might yield valuable

information along this same trajectory.

5.3.2.2 System II. The System II configuration differs from System I

in that it provides the capability of making onboard navigational

measurements. As will be shown in this section, the onboard navigation

capability allows the approach trajectory relative to Mars to be deter-

mined to a greater accuracy; therefore, System II could be used for a

close fly-by mission or for a Mars orbiter. It does not have the capa-

bility of onboard navigation computation.

The onboard instrument assumed in this section is a theodolite.

The observation schedule which is used is shown in Table 5-3. The onboard

measurements are made using the planet Mars during the approach phase

(200 to 235 days). The reason for restricting onboard measurements to

the approach phase is that, prior to this time, the measurement using

Mars is much poorer than the error in estimate of the state from the

DSIF tracking. Figure 5-11 shows that, during the first five days on

the trajectory, the DSIF tracking has determined the vehicle's position

to approximately 20 km. Observations of Mars uslmg a theodolite with a

10-arc-second accuracy yield position measurement errors which vary from

15,000 km initially to 700 km at 200 days (Figure 4-2). It is clear,

therefore, that prior to 200 days, there is no point in making observations

of Mars. The normalized covariance matrix of the error in estimate of

the state after 200 days of DSIF tracking is shown in Figure 5-12. This

matrix indicates that the largest uncertainties in both position and

velocity are in the out-of-plane coordinates W and W. As discussed in

the preceding subsection, these out-of-plane measurements with the DSIF
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angle become worse as Mars is approached. The position measurement

accuracy of a 10-arc-second onboard instrument improves during the approach

phase to I0 km at the point of closest approach. The onboard observations

will, therefore, provide good out-of-plane information. Although the use

of a theodolite has been assumed in this subsection, two sextant measure-

ments would also give the same information, as discussed in the subsection

concerning Star Selection. No attempt has been made to study the manner

in which the onboard navigation data should be combined with the Earth-

referenced DSIF data. The state estimate which was obtained after 200

days of DSIF tracking was used directly at the time when the onboard

observations were started.

I

_:aH I LCO.

The navigation performance of System II as a function of onboard

instrument accuracy is shown in Figure 5-16. The error in estimate of

• T and • R is plotted as a function of time for each instrument.

An evaluation of the nominal guidance system with these navigation systems
A _ A

is shown in Table 5-8. End-polnt deviations in B • T and B • R are shown

following the second and third correction for each navigation system

(instrument accuracy). As noted previously, the deviation in B • T is in

the orbit plane and corresponds to deviations in the mlss-vector magnitude

I_I • The one-slgma deviation in this coordinate, therefore, defines the

mission capabilities of the navigation and guidance system in terms of

closest approach control. One of the objectives of this study is to

determine whether a system is capable of performing an atmospheric braking

maneuver. To accomplish this, the one-sigma deviation in altitude (B • T)

must be less than +3.5 km. The results in Table 5-8 show that the nominal

guidance system with a System II navigation system composed of DSlF and

and onboard theodolite having an accuracy of approximately 12-arc-seconds

can accomplish such a mission. The results also show that System II with

an onboard instrument with an accuracy of 60-arc-seconds has sufficient

accuracy to carry out a close approach flyby mission or one that requires

a thrusting maneuver into a Martian orbit. The deviation in • T for a

60-second instrument accuracy is +9.13 km.
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A

The significance of the B • R deviations in Table 5-8 is that

they indicate an uncertainty in the cross range or inclination of the

approach trajectory relative to Mars.

5.3.2.3 System III (DSIF and Onboard t Onboard Computation) The only

difference between System II and System III which is studied in this

section is that System III has the capability of onboard computation.

This capability eliminates the need for the two-hour period (shown in

Figure 5-9) during which Earth-based guidance commands are sent to the

spacecraft and verified. As a result, during this period additional

observations can be made which provide a better estimate of the vehicle

state at the time the guidance corrections are made. This navigation

system is representative of the system that would likely be used for

normal operation on a manned mission. Ground tracking data is combined

with onboard observations, but in the event of a communication failure,

a total onboard navigation capability is available.

The navigation system performance is identical to that of

System II for the first 200 days where DSlF tracking occurs. The navi-

gation performance of System III for the onboard tracking phase (200-
A

235 days) is shown in Figure 5-17, where the errors in estimate of B • T

and • R are plotted as a function of time for different onboard in-

strument accuracies. A comparison of the RMS error in estimate of
A

" T and _ • R at the time of the last mldcourse maneuver and the time

of the retro maneuver is shown in Table 5-9 for Systems II and III. These

results show an improvement in the estimate on £he order of 10-30 percent

for System III over System II due to the increased time of observation.

Each of the System III navigation systems shown in Figure 5-17 was used

to evaluate the nominal guidance system. The resulting end-polnt de-

viations for each system are shown in Table 5-10. A comparison of the

guidance data in Table 5-8 for System II and 5-10 for System III shows

that the decrease in end-point deviations with System III is about 15-25

percent. A comparison of the Av requirements in these tables for the

third correction shows that a 40-50 percent larger Av is necessary for
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System III. Since the Av requirement for the third correction is only

10-15 percent of the total Av requirements, this Av penalty is minor. The

reason for this larger Av third correction requirement is that the correction

is made two hours later with System III. The results in Table 5-10 also

indicate that, to accomplish a mission with an atmospheric braking maneuver

(_3.5 km guidance accuracy in _ • T), an instrument with an 18-arc-second

error accuracy is required. This is a 50 percent increase in the 12-arc-

second allowable onboard instrumentation error required by System II.

System III has also been evaluated on the low-energy trajectory

with a theodolite having an accuracy of 10-arc-seconds. The end-point

navigation estimates and guidance deviations for both the nominal and low-

energy trajectories are shown in Table 5-11. These results show a slight

improvement with the low-energy trajectory.

Also shown in Table 5-11 are the results for the case where the

covariance matrix of error in estimate P has been perturbed at 200 days

by adding a 400 km uncertainty to each position coordinate. This has

been done to account for the DSIF tracking being less accurate than is

indicated in Figure 5-11 due to bias errors such as the AU and mass of

Mars which have not been considered. This causes a significant degradation

in guidance control of the B • T constraint. This result indicates that,

for a close approach mission such as an entry into the atmosphere, the

effects of uncertainties in the physical constant should be evaluated in

detail.

A final investigation for System III has been made to determine

the effect of adding subtended angle range measurements to the theodolite

schedule. The errors in estimates of B • T and _ " R for this case are

shown in Figure 5-18. These results indicate that there is little value

to these measurements prior to the time of the last midcourse maneuver.
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5.3.2.4 System IV _Onboard Measurements Only t Onboard Computations). The

last of the four navigation systems considered assumes only onboard obser-

vations and computations; therefore, this system is completely independent

of Earth-based support. It is important to determine whether this system

satisfies the midcourse constraints, since it is likely that a system of

this type would be used as a backup for the primary system on a manned

mission.

The onboard measurements for this system are made using a theodolite

with the measurement schedule given by Table 5-5 . The data-taklng re-

strictions given by Figure 5-9 also apply to this system at the time of

each mldcourse maneuver. The navigation performance of System IV is shown
A _ A

in Figures 5-19A and 5-19B. The error in estimate of the B • T and B • R

end-point constraints is shown in the figure as a function of time for

different instrument accuracies. The guidance performance of this system

has been obtained by evaluating the nominal guidance system for each of

the navigation systems used in Figure 5-19. The results are tabulated in

Table 5-12 for each of the four corrections used. These results indicate

that the navigation for System IV will satisfy the requirements of an
A

atmospheric entry mission (_+3.5 km deviation in B • T) with a 4-arc-second

instrument.

These results also show that an instrument with 60-arc-second

accuracy provides a terminal accuracy in B • T of 36 km, which is probably

sufficient if the mission specifies a thrusting retro maneuver into a Mars

orbit or a close approach flyby (200-300 km altitude).

A second study has been made for this system with a lO-arc-second

instrument to determine the effects of the addition of subtended angle

range measurements to the schedule during the last day. The error in
A _ A

estimates of B • T and B " R for this case are shown in Figure 5-20.

X his table has been defined based on the considerations discussed in the

B)dy Selection Section of Subsection 4.5.
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As shown in the figure, the error in estimate of B • T at the time of the

last maneuver is reduced from 6.4 km to 2.5 km with the subtended angle

measurements. The value of the B • T guidance deviation which has been

computed with the 2.5 km error in estimate is 2.8 km compared to 6.5 km

deviation with no subtended angle measurements. These numbers indicate

that the subtended angle measurements are of value with System IV as the

vehicle approaches Mars, since it would enable a 10-arc-second instrument

to be used for an entry mission compared to the 4-arc-second instrument

required without Subtended angle measurements.

Two additional studies have been made with this system for: (i)

an onboard schedule using the Moon early in the flight to replace the Sun,

and (2) the low-energy trajectory in place of the nominal trajectory.

The observation schedule for these cases are given in Tables 5-13 and 5-14,

and the navigation performance is shown in Figure 5-21.

The navigation performance of System IV using the moon schedule

is very nearly the s-me as with the Sun schedule at the time of closest

approach, as shown by curve (2) in Figure 5-21. The only significant dif-

ference between the Moon schedule results and the Sun schedule results is

that during the first day the Moon schedule reduces the RMS error in

estimate of the B vector constraints to 900 kmprior to the first correction

(i day) as compared to I0,000 km with the Sun. This difference in the error

in estimate of the constraints at this time has a considerable effect on

the guidance dv requirements. The constraint deviation after the first

correction is much smaller when the moon schedule is used in place of the

sun schedule. This makes the following three corrections smaller. The

total dv required for the entire trajectory using the Sun schedule is 23.3

meters/sec; this requirement is reduced to 15.8 meters/sec if the Moon

schedule is used.

The navigation performance using the low-energy trajectory, Curve

(3) in Figure 5-21, shows that the RMS error in estimate of the end-polnt
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position, _ _ = ( B • T 2 + .

for the nominal trajectory case.

1/2
, is 4.6 km as compared to 6.4 km

5.3.3 Navigation Systems Performance Smmnary

The navigation and guidance performances that have been determined

for the four navigation systems in the preceding subsystems are compared

in this subsection, in order to determine which systems will satisfy dif-

ferent types of mission requirements and what onboard instrument accuracy

is required.

The principal results of the navigation analysis are summarized in

M _ AFigures 5-22A and 5-22B, where the error in estimates of B • T and • R,

respectively, are plotted as a function of instrument accuracy for Systems

II, III, and IV. These data are the errors in estimate at the time of the

last midcourse maneuver. System I is represented by a point on each of

these curves, since this system has not been studied with the DSlF measure-

ment errors as parameters. As noted before, the overall figure of merit

for the combined navigation and guidance systems is the end-polnt deviation
A

in _ • T and _ • R. Since it is the navigation system parameters that are

of interest in this section, the end-point deviations are evaluated with

the nominal guidance system for each navigation system. The results are

presented in Figures 5-23A and 5-23B as a function of instrument accuracies.
A

System I is again represented by a point on each curve. The 3.5 km B • T

deviation requirement for an entry mission is shown by the solid llne in

Figure 5-23A. From this figure, the mission capabilities of the four systems

can be determined in terms of closest approach ability.

Figure 5-23B shows the magnitude of B • R deviations for each system

as a function of instrument accuracy. The " R deviations indicate cross-

range or inclination deviations. System IV results in the smallest B •

deviations, since its onboard measurements provide a better out-of-plane

estimate than the DSIF tracking used in System I, II and III for the first

200 days. The DSIF cannot determine this coordinate at large ranges.
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System I does not have the performance accuracy which is required

for an entry mission. It does, however, show that a flyby mission or a

thrusting retro into a Martian orbit is possible. The large deviation in

B " R and the additional fact that no navigation data were obtained relative

to Mars with this system means that the Martian orbit might be poorly defined.

Systems II, III, and IV all show a good ability to establish an

approach trajectory relative to Mars which would satisfy most mission

objectives. In particular, each of these three systems could accomplish

a mission with an atmospheric entry maneuver at Mars as a requirement.

The onboard instrument accuracy which would be required with Systems II,

III, and IV for this type mission is 12, 18, and 4-arc-seconds, respectively.

The results for these systems indicate they could control the trajectory

for a close approach flyby or a thrusting retro mission with instrument

errors as large as 60-arc-seconds.

Figure 5-23A also shows the total Av guidance requirements for each

of the systems as a function of the onboard instrumentation accuracy.

The value of adding subtended angle range measurements to System IV
A

is shown in Figure 5-23A. The B • T deviation in this figure reduces from

6.5 kmwithout subtended angle measurements to 2.8 kmwlth these measure-
A

ments added. The B " R deviations, however, do not change for this case

as seen from Figure 5-23B.

The effect of using System IV with the lo_=energy trajectory is also

shown in Figures 5-23A and 5-23B. Figure 5-23A shows a decrease in the
A

B " T deviation from 6.5 km to 4.1 _n; however, in Figure 5-23B, the low-
%

energy trajectory shows an increase in they • R deviations from 2 km to

2.7 km. The difference in the Av requirements for these two trajectories

is small (Figure 5-23A).
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5.4 GUIDANCE ANALYSIS

As noted previously, the navigation system performance is somewhat

dependent on the guidance system, since the guidance execution errors at

each correction add to the uncertainty in the state estimate, equation

(5-1), and observations are restricted at the time of each maneuver

(Figure 5-9). In order to compare the performance of the four navigation

systems in the previous section, a guidance system was assumed that con-

sisted of a nominal set of execution errors and a time schedule for

making midcourse maneuvers. This enabled the end-point deviation to be

computed; therefore, it was possible to evaluate the overall performance

of the four systems as a function of the navigation system parameters.

In this section, however, it is the guidance system which is studied

parametrically.

The time schedule for making midcourse maneuvers, based on end-point

deviations and velocity requirements for each of the four navigation

systems, is derived. In addition, the performance of the guidance system

is evaluated as a function of injection errors, guidance execution errors,

and the type of guidance law that is used.

The function of the guidance system as defined in this study is to

apply midcourse velocity corrections such that the estimated end-polnt

deviations in the constraints are corrected. The corrections are assumed

to be step changes in velocity.

5.4.1 Midcourse Guidance Times

In this section, the midcourse maneuver times are derived for the

nominal guidance system with a Variable Time of Arrival (VTA) guidance

law. The end-point constraints which are used with this law are B • T,

B • R, and Vinf. Although the guidance times can be optimized, the

derivation in this section is based on: (i) the velocity requirements
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for the maneuver, and (2) the deviations in the end constraints after

the correction. There are a number of parameters which affect these two

criteria, including the guidance execution errors, the injection errors,

the sensitivities of the end constraints to velocity changes at time (t),

and the accuracy of the deviation estimate as determined by the navigation

system. In fact, since the error in estimate at a given time may be

different for each of the four navigation systems, it maybe necessary to

select separate guidance times for Systems I, IS, SSI and IV.

At the time of injection from the Earth park orbit, the error in

the estimate of the state and error in the state are assumed to be the

same, that is,

P(o) - PAR (0)

As observations are made, the error in estimate of the end constraints

decreases. The state deviations grow as the initial errors are progated

in time. This relationship is shown pictorlally in Figure 5-i0. St is

the estimate of the deviation state that is used in computing the guidance

corrections.

The first correction guidance data for System S are shown in

Figure 5-24. The _IS error in the estimate of the end-point position

constraints (_B) shown in the figure represents the performance of the

navigation system being used. The curve of the _ _v required is the

square root of the trace of the covariance matrix of the expected velo-

city correction (_v) in (2-33). The correction _v is computed for the

VTA guidance law. The curve of the I_S end-point position deviation

after a correction indicates the end-point constraint deviation which

would occur if a correction were made at any of the times shown. St
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has been computed by propagating PAR, the state deviation covariance matrix,

following a correction (Equation 2-120) to the end point, and transforming

it into target constraints B -'T and B-R. The large values of the devia-

tions after the correction in comparison to the error in estimate that are

shown are due to the guidance execution errors. The four th curve in Figure ..

5-24, minimum A v, is also an RMS value of A v required similar to the

first Av curve except that the Vin f constraint is not controlled, but in-

stead has now been selected such that the maneuver A v is minimized as given

by (2-39). This Av represents the minimum value required to control the

end position constraints, B • T and B • R.. The difference between this curve

and the other Av curve is the penalty which is paid to control VIN F.

The time at which the first guidance correction should be made can

be determined from the data in Figure 5-24. As previously mentioned, an

important criteria for selecting a guidance time is the Av required and

the deviations after the correction. These two curves in Figure 5-24

indicate that at two days, the position deviation after a correction is at

a minimum; also, the required Av is low (10.6 m/sec). This first correction

primarily compensates for the injection errors. The cause for the magnitude

of the end position deviation (1720 km) being considerably larger than the

RMS error in estimate (405 km) is the guidance system execution errors.

The required Avat two days is approximately I0 m/sec which produces a

0.I m/sec proportional error (I percent). The resolution error with the

nominal guidance system is also 0.I m/sec. The sensitivity coefficients

relating the end position constraints and velocity changes at this time

(shown in Figure 5-25 and 5-26) have a magnitude of approximately 104 km/m/

sec. Therefore, propagation of the 0.i m/sec execution errors to the end-

point will produce deviations on the order of I000 km.

The results in Figure 5-24 show that it would be very undesirable

to make a correction at 60 days because of the large Av requirements. The

reason for this large requirement is that part of the matrix that relates

changes in the velocity requirements to changes in the end-point constraints,
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D 2 in (2.28), becomes almost singular. This near singularity occurs at

the time when the true anomaly to the target on the Sun-centered conic is
o

180 i(Figure 5-1). (This type of singularity is discussed in Reference 24).

The elements of the 3 x 3 transition matrix, D 2 in (2-32), are plotted in

Figures 5-25, 5-26, and 5-27, where the three velocity components are ex-

pressed in the NV_4 coordinate system. These data show that at 60 days the

relationship between changes in the constraints and changes in the velocity

requirements is given by

AB .

A Vin f

m

dll d12 0

d21 d22 0

d31 d32 d33

AV

5-2

A A
Since the d13 and d23 components are zero at this time, the B. T and B. R

constraint deviations completely determine the AN and AV velocity compon-

ents. Therefore, VIN F must be controlled by the AW component of the cor-

rection. Since d33 is 0.07, an extremely large increment is required in

the AW component,

The solution for v, which is the vector sum of AN, AV, and AW, can

be illustrated graphically by reducing the three-dimenslonal guidance prob-

lems to two dimensions. This is shown in Figure 5-28 where Av is found by

solving 5-2 for AV and AW at both one day and 60 days• The numerical

values of the coefficients in 5-2 are obtained from Figures 5-25, 5-26,

and 5-27. The magnitude of the AVIN F and AB. AR constraints in Figure 5-28

corresponds to the RMS values due to the injection errors. At one day, the
• •

A VIN F constraint can be controlled by the V coordinate, since the W in-

crement at this time is able to control B. R. The Av resulting from these

two increments is 19.3 m/sec, which is about equal to the three dimensional

Av shown in Figure 5-24 at one day. At 60 days, the AV component controls only
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-_^
B.R ; therefore, Vin f must be controlled by the small 0.07 sensitivity in

the W direction• As a result, a very large W component is required to

control AVlN F" therefore, the total _v is large (533 m/set). It should

be noted that, if AVin f were not a constraint but were selected to mlni-

mize the velocity correction as described in Subsection 2,3.3, the Av
-_ A

required would be in a direction normal to the B.R constraint. The required

Av is then 15 m/set in the V direction. This is the same type of difference

which occurs at 60 days in Figure 5-24 for the _v requirements, using VTA

and _v minimum.

The data used to select the second guidance time are shown in Figure

5-29. The curves shown are similar to those of Figure 5-24, except they

have been computed on the assumption that a first correction has been made

at two days. The Av curve is the velocity correction required to correct

the constraint deviations which are now caused by the execution errors of

the first correction. Figure 5-29 shows that the estimate of the end-

constraint (RMS error in estimate curve) is much less than the deviation

in the constraints (RMS position deviations) until late in the trajectory.

This is the effect of the resolution error (O.1 m/set) in the guidance

system projected to the end-point. The proportional errors are quite small

since the RMS Av required is less than 1 m/set. The sensitivity co-

efficients (Figures 5-25, 5-26, and 5-27), however, are quite large until

near the end of the trajectory; therefore, the resolution error causes

large end-point deviations. After 100 days, the RMS position deviations

after a correction decrease rapidly. Although the dv requirements in-

crease from 100 days to 235 days, these _v values are still small for

the increased guidance accuracy that results. The second correction time

for System I is, therefore, chosen to be at 231 days. The _v at this

time is 5 m/sec. The end-point deviation after the correction at this time

is 120 km, which is only 7 percent larger than the error in estimate at

this time. Since the navigation system is not improving tha estimate of

the state at this time, there is no need for additional corrections. The

nominal guidance system used with System I will control the trajectory to

within 7 percent of the capability of the navigation system to estimate the
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end constraints. The total Av requirements for the two corrections is

15.5 m/sec.

The criteria for selecting guidance times for Systems II and III are

shown in Figures 5-30 and 5-31. Since both of these systems use DSIF track-

ing initially, the first correction time is identical to that of System I.

However, since the DSIF combined with the onboard tracker continues to im-

prove the estimate of the vehicle state as Mars is approached, it is advan-

tageous to make two more corrections with these systems. Figure 5-30 shows

that there is a limit to the accuracy which can be obtained with only one

more correction. During the last day (234-235 days) the error in estimate

is reduced by a factor of 5 (15 km to 2.8 kin), but the errors in executing

the maneuver limit the guidance accuracy to 23 km. This is the result of

the increasing velocity requirements which cause large proportional errors.

However, if two additional corrections are made-- one at 232 days 12 hours,

and the second at 234 days 18 hours (Figure 5-31) -- the terminal devia-

tions are reduced to 4.7 km and the total Av for the last two corrections

is 10 m/sec. Therefore, these times are used for System If. For System

Ill, two additional hours of tracking are possible, since the guidance

commands are computed onboard as has been shown by the schedule in Figure

5-9. The final maneuver for System Ill therefore is at 234 days 20 hours.

The data that apply to the selection of guidance times for System

IV are shown in Figures 5-32 through 5-35. These data show a different

character because the error in estimate of the terminal constraints is

reduced much more slowly with the System IV navigational system. The

first and second correction data (Figures 5-32 and 5-33) show that the

guidance performance is limited by the estimation error (deviations after

a correction are approximately equal to the estimation error). The first

correction (10.6 meters/second) was made at one day, which reduced the

terminal miss from 86,500 km (due to injection errors) to _0,700 kin. The

second correction data (Figure 5-33) shows an accuracy limit of 150 km is

reached near the end point. At this time the estimate has an error of

10 kin. Therefore, in order to improve the guidance performance below
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150 km, a third correction is required. With a second correction of 8.2

meters/second at 220 days, the data for the third correction are shown in

Figure 5-34. The third correction provides the capability of a terminal

guidance accuracy of 8 km, which is within 20 percent of the error in

estimate. The third correction _v is 20 meters/second.

The guidance accuracy which can be attained with three corrections

is quite good, but there are two advantages to dividing the third correct-

ion into two corrections. The data shown in Figure 5-35 is for a fourth

corrections, assuming the third correction of 3.6 meters/second was made

at 234 days. These data show that a final correction at 234 days 20 hours

requires a Av of 0.92 meters/second. This combination of two corrections

requires a total Av of 4.5 maters/second, which is a 75 percent reduction

in the 20 meters/second required for a single third correction. The posi-

tion deviation after the fourth correction is 6.8 km, which is within 2

percent of the navigation accuracy. The two corrections, therefore, yield

a significant reduction in the total _v and an increase in the accuracy

attainable.

The guidance times which have been used for the system studies are

surmuarized in Table 5-6.

5.4.2 Injection Errors

The injection errors used in the navigation and guidance analyses

are the injection conditions after a 30-minute park-orblt. The numerical

values of these errors have been given in Figure 5-6. In this section,

however, the performance of the guidance system is evaluated for a differ-

ent set of injection errors. These errors result from the 85 minute park -

orbit which is associated with the second launch opportunity on February i0,

1975. As shown in Figure 5-5, the RMS errors for the 85-mlnute park orbit

are almost twice as large as the 30-minute park orbit errors. The velocity

requirements at each correction for the two sets of injection errors are

shown in Table 5-15. The analysis has been made for System IV with the

5-26

PHILCO. WDL DIVISION



WDL-TR2629

nominal guidance system. The required Av's at each time have been deter-

mined, and again are RMS values. These results show that the Av required

at the first correction is approximately twice as large for the 85-mlnute

park orbit injection errors, but the remaining Av corrections are very

nearly the same. Since the injection velocity deviations are twice as large

for the 85-minute case, it may be concluded that the injection errors

influence the magnitude of the first correction, but have little effect on

further corrections.

The extent to which the velocity injection errors influence the

magnitude ofthe first correction is shown in Figure 5-36 for the nominal

injection errors. The fact that the RMS _v correction curves and the RMS

velocity deviation curves are very nearly the same indicates that the in-

jection velocity errors primarily determine the magnitude of the first corr-

ection_v requirement. Actually, the velocity requirements shown in this

figure are slightly larger because the correction must also compensate for

the position deviations.

5.4.3 Guidance Laws

The previous analysis of the guidance system has assumed a Variable

Time of Arrlval (VTA) guidance law. In this subsection, the performance

of the guidance system is compared for the three different guidance laws

discussed in Subsection 2.3.1. They are: (i) the VTA guidance law with
-_ A -_ A
B • T, B • R and VIN F as constraints, (2) the Variable Time of Arrival

Guidance Law with minimum Av, and (3) the Fixed Time of Arrival Guidance

Law (FTA) where the constraints are the position of the nominal trajectory

at the nominal time of closest approach. These laws are illustrated in

Figure 2-5.

The velocity correction requirements are shown in Figure 5-37 for

the FTA, VTA and Av minimum guidance laws. In Figure 5-38, the deviation

of the end-point constraints immediately following a correction is shown.
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The Av requirements for all three guidance laws assume a perfect navigation

system. The RMS position deviations shown in the figure are the result of

projecting the covariance matrix of execution errors to the end point, since

P = 0 for a perfect navigation system in the definition of PAR after a

correction, Equation (2-120). The values of the RMS deviations for the

FTA have been separated into components along the velocity vector and nor-

real to the velocity vector at the time of closest approach. This mlss

component normal to the velocity vector is the RMS position deviation in

the altitude and Cross-range plane. The deviation along the velocity vector

is associated with the error in arrival time.

During the first 50 days, the VTA and FTA guidance laws exhibit very

nearly the same performance after a correction as seen by comparing the

RMS B vector deviations in Figure 5-38 with the deviation normal to the

velocity vector. The deviation curve for the Av minimum law has not been

computed. The Av requirements for FTA and VTA are essentially identical

(10.6 meters/second at one day). The minimum Av correction is approximately

two meters/second less than other two requirements. Between 50 and 70 days,

the FTA and VTA guidance laws require excessive correction velocities. This

is the part of the trajectory when the true anomaly to the target at arrival

is 180 degrees. Through this region, the minimum Av requirement increases

slightly but does not become excessive. During the time from 70 days to

the end point, the difference between the FTA and VTA guidance laws begins

to show. For example, at 180 days the VTA velocity requirement Is 20 meters/

second, which results in a terminal position miss of 1350 km. At the same

time, the FTA velocity requirement is i00 meters/second, and the miss nor-

mal to V is 5100 km. The larger velocity requirements for FTA are the

penalty which is paid to control the arrival time.

The data for a second correction for each of these guidance laws is

shown in Figures 5-39 and 5-40. The first correction in each case was made

at one day. These data exhibit the same general characteristics as the

first correction data. The differences in Av and accuracy begin to grow

during the last 150 days.
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The effects of the guidance laws on performance can be summarized

as follows. Early in the flight there are only small differences between

the three guidance laws. Near the singularity, the only reasonable guid-

anee law which could be used is the one which minimizes the maneuver. Near

the end of the trajectory, the FTA guidance law which controls the arrival

time does this at the expense of the dv requirement. It is of interest to

note that the Av required when using the VTA guidance law controlling VIN F

is within 20 percent of the minimum correction required. This is exclus-

ive of the period near the singularity.

The three guidance laws have been compared on the basis of correct-

ion requirements and deviations after a correction, assuming a perfect nav-

igation system. The VTA and FTA guidance laws are now each compared using

System IV navigation for: (I) the nominal trajectory, (2) the nominal tra-

jectory with subtended angle range measurements, and (3) the low-energy

trajectory. The results are shown in Table 5-16. In the first two cases,

the Sun tracking schedule in Table 5-5 with a lO-arc-second theodolite,

and the guidance times shown in Table 5-6 have been used.

The data for these two cases show an increase in the Av requirements,

when using FTA, by a factor of nearly three. This is the penalty associated

with controlling the arrival time. The standard deviation of the arrival

time with VTA guidance is approximately 0.64 hours. For FTA guldance_ the

first case has an arrival time deviation of 0.32 minutes. The second case,

which has range measurements to aid in determining the position along the

trajectory, has an arrival time deviation of 0.17 minutes. This improve-

ment in arrival time is directly related to the reduced position deviations

along the velocity vector. The deviation with FTA was 270 km for case one

and 74.3 km for case two. The arrival time improvement with FTA case two

is accomplished at the expense of a 5.5 meters/second increase in the total

_v required over that which is required with FTA case one.
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The data for case three were generated using a lO-arc-second theodo-

lite on the low-energy trajectory with the schedule shown in Table 5-13.

This trajectory shows a larger sensitivity to time deviations than the

nominal with VTA. The VTA guidance law has an arrival time deviation of

approximately 1.3 hours. The FTA guidance law has a time deviation of

0.49 minutes, which is 21 percent smaller than case one. The Av require-

ments on the low-energy trajectory for FTA are approximately 15 percent

larger than FTA case one.

The results in Table 5-16 indicate that the value of a particular

guidance law depends upon the mission for which it is to be used. The

Variable Tlme-of-Arrival law VTA requires less Av for maneuvers; however,

the Fixed Time of Arrival law (FTA) results in time deviations that are

much smaller than the VTA law.

The results show that an increased Av is required by the FTA guid-

ance law to control the deviations along the velocity vector. The devia-

tions in the components normal to the velocity vector with FTA are compar-

able to the B vector deviations with the VTA guidance law.

5.4.4. Analysis of the Guidance Execution Errors

The performance of the guidance system as measured by the RMS de-

viations in the end-point constraints is studied in this subsection, with

the execution errors as parameters. The navigation performance of System

IV -- with subtended angle measurements during the approach phase, and

correction times shown in Table 5-6 -- has been used for this analysis.

The three error parameters considered are: (I) the resolution error ( @r

in (2-127), (2) the proportional error (_v in _-126), the pointing error

(_p in (2-129).

The effect of the execution errors on the Rt_ deviation of B; T

and B • is shown in Figure 5-41A and 5-41B after each of the four corr-

ections. Contours of constant deviations resulting from different combln-
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ations of the error parameters are shown in the figure. The curves indi-

cate that the deviations following each of the fi=st two corrections are

dependent on both the resolution and proportional errors. Also, a com-

parison of the curves for pointing errors of 0.5 degrees and 2 degrees

indicates that the deviations are also dependent on the pointing error in

the first two corrections. For example, with the nominal guidance system

which has a 0.5 degree pointing error, a I percent proportional error,

and a 0.I m/sec resolution error, the position deviation after the second

correction is approximately 310 km. With the same resolution and proport-

ional errors, but a 2-degree pointing error, the deviation increases

to 500 km. The Av for the first correction, which depends on the fn-

Jection errors, is 10.6 m/sec for all the cases shown.

The lines of constant deviation after the third correction Figure

5-41B are nearly horizontal. This indicates that the deviations at this

time are still dependent on the resolution errors, but less dependent on

the proportional errors. A comparison of the results for the two pointing

errors again shows the deviations are dependent on the pointing errors.

The deviations after a fourth correction Figure 5-41B indicate that

the guidance accuracy is only limited by the resolution errors and essent-

ially independent of both the pointing and proportional errors. Since

the number of corrections has not been limited, the final correction re L

quires only a small Av to correct the small remaining deviations. The

proportional and pointing errors are therefore both small due to the small

Av. The resolution error, which is independent of the magnitude of Av,

therefore limits the guidance accuracy in this case.

Although there appears to be no difference between the most accur-

ate system ( 0.RES, O. PROP, 0.5 ° PT) and the poorest system (2.m/sec lIES,

2.percent PROP, 2.° PT) shown in Figure 5-41B after the fourth correction,

the penalty which is paid for maintaining a fixed accuracy with the poorer

system is a larger Av. The most accurate system (3.2km) requires a Av for

i
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the four corrections of 22.4 m/sec, while the poorest system shown (4.4 km)

requires a Av of 28.4 m/see. These velocity requirements indicate that

the Av penalty associated with a less accurate guidance system is small.

If the number of guidance corrections is limited (e.g., the one corr-

ection for the Mariner IV mission), then the effect of each of the error

sources is more important. This is illustrated by the data in Figures 5-

42A and 5-42B, where a single correction is made at 180 days based on a

perfect navigation system. In this case, it is possible to see the trade-

offs that might well exist between the three error sources. For example,

if the mission objectives require a maximum standard deviation in the end

position of 2000 km following the correction, data such as those shown in

Figure 5-42 can be used to define the limits on the guidance system errors.

If the pointing error is fixed at 0.75 degrees, the dotted lines in Figure

5-42Bshow two possible limits for the resolution and proportional errors.

In one case, if the resolution error is 0.05 m/see, the proportional error

is restricted to be less than 1.62 percent. In the second Qase, the re-

solution error increases to 0.2 m/see, but the proportional error is now

limited to 1.25 percent.

The data in Figure 5-42A for the case of zero resolution error shows

maximum allowable errors of 1.05 degrees and 3.0 percent (extrapolated) for

the pointing and proportional error sources in order to satisfy a deviation

of 2000 km. Attitude control and rocket motor subsystems with larger error

magnitudes than these could not be considered for the mission which was

defined above.

The time of the correction is another parameter which was not

varied, but would change the figures shown and, therefore, the relation-

ships between the error sources and the error limits.
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5.4.5 Guidance Analysis Summary

In addition to defining the mldcourse guidance times for the four

navigation systems, the preceding analysis has indicated the differences

between the three guidance laws and has also shown the effect of the

guidance errors.

The primary difference between the VTA and FTA guidance laws is

the Av requirements during the second half of the trajectory. During the

first part of the trajectory, the requirements as well as the performance

of all three guidance laws are approximately the same. Both the VTA and

FTA guidance laws, however, exhibited near singularities when the true

anomoly to the target was 180 degrees. The minimum energy guidance law

did not have a near singular point at this time. Also_ at times other

than where the singular point occurred, the VTA guidance law had &v

requirements that were 20 percent larger than those for the minimum

correction guidance law.

The analysis of the effects of guidance execution errors has shown

that, as long as the number of corrections is not restricted, the guidance

system will perform to an accuracy which is limited only by the navigation

estimation error and the guidance resolution error. The effect of the

resolution error can be reduced by making the final correction as late as

possible along the trajectory. If the number of corrections is limited,

however, the guidance performance may be restricted by all of the execution

errors. The type of data that have been presented for this case to show

the tradeoffs between the guidance errors would be useful in specifying

hardware requirements to accomplish a specific mission.
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SECTION 6

MARS-EARTH MIDCOURSE STUDY

6.1 INTRODUCTION

The statistical error analyses of the navigation and guidance systems

for the midcourse phase of the Mars-Earth return trajectory are presented

in this section. The return trajectory of the mission starts at injection

onto the transfer trajectory following a 40-day period in a 500 km altitude

park orbit at Mars, and terminates at the time of virtual perigee at Earth.

Although the Martian park orbit phase follows the out-bound phase for the

Earth-Mars round-trip mission, the return trajectory analysis is presented

first for two reasons.

First, it is assumed that the major sources of errors for both the

orbital phase and the return leg are the burning maneuvers into and out of

a Martian orbit, respectively. Therefore, the injection error covariance

matrix for both of these phases is to a large extent due to the burning

maneuvers, and as a result, the orbital phase can be studied independently

of the outbound leg, and the return leg can be studied independently

of the orbital phase.

The second reason for presenting the return trajectory analysis next is

that the analyses for both midcourse phases are very similar. In fact, the

purpose of this section is again to determine the capability of the

navigation systems to satisfy a given mission. In this case, the mission

requirement was selected to be an atmospheric braking maneuver at Earth.

This, then, defines the maximum allowable deviation in the entrance corridor

at Earth. Since only Systems III and IV are reasonable choices for a manned

Mars mission, it is these two systems that are discussed in Section 6.
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6.2 STUDY RESTRICTIONS

The restrictions applied to the study of the Earth-Mars midcourse

phase are described in the following paragraphs, and include: (i) the

nominal trajectory and the target constraints, (2) the injection errors,

and (3) the error sources.

6.2.1 Nominal Tralectory

The nominal trajectory that has bean assumed for the Mars-Earth

return leg is shown in Figure 6-1 and described in Appendix C. It has been

obtained from a mission analysis study (Reference 19). The trajectory

leaves Mars 40 days after the arrival of the out-bound trajectory| it departs

a 500 km altitude park orbit, has a flight time of 296 days 18 hours, and

a virtuall perigee of 75 _n altitude at 223.1 ° longitude and 60.0 ° latitude.

In addition to the trajectory described above_ a second trajectory

is considered which is a Venus swingby on the return to Earth. This tra-

Jectory is shown in Figure 6-2 This type of return could be combined wlth

a low-energy outboundlfor a round trlp trajectory.

For the return traJectoryp the target constraints are expressed N V

* + DerIRee,W coordinates atiDerlgee. At these coordinates are equivalent to

altitude, down-range, and cross-range, respectively. The altitude coordinate

N is of particular interest on the return trajectory since deviations in thl8

direction indicate the feasibility of hitting an entry corridor at Earth.

The reason for defining the target constraints for the return leg in N V W

coordinates is that, in general, the navigation analysi| in Subsection 6.3

will assume a Fixed Time-of-Arrival (FTA) guidance law. With thl8 Kuldance

law, it is convenient to express the slx-dimensional position and velocity

state in thl8 coordinate system. When a Variable Time-of-Arrlval (VTA) law

is use, however, the deviations will again be expressed in terms of the
A A

vector.** For the return leg, the orientation of R and T vectors 18 defined

so that B'T deviations indicate deviations in altitude as shown in Figure 6-3.

* Described in Subsection 2.2.2.

**+These coordinates are defined in Subsection 2.2.3.
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The altitude deviations are equal to 0.92 times the B'T deviations. This

reduction is due to the "focusing" on the trajectory as perigee is approached.

6.2.2 Injection Errors

As previously noted, the intlal errors in estimate of the state for

the return leg are the result of : (i) the error in estimate of the state

at the end of the orbital phasa_ and (2) the rockat motor and inertial

guidance system used to burn out of park orbit. The RMS value of the

velocity has been assumed to be about 1 percent of the RMS _V for the injection

maneuver (3.3 km/sec). Although this choice is somewhat arbitraryp it

represents a pessimistic value in terms of the rocket motor accuraciem

that can be obtained with present day hardware. The covarlance matrix

of injection errors which is used for both the deviation state (PAR(0))

and the error in estimate of the state (P(0)) are shown in Figure 6-4 to

be a diagonal matrix with RMS position and velocity equal to 30 km and

30 m/sec, respectively. The value of the position deviations resulting

from propagating PAR(0) to the end point (perigee) are

SALT-- 1.49 x 106 km _ DR = 1.96 x 106 km _CR" .872 x 106 km

6.2.3 Error Sources

The error sources that are considered in this analysis are identical

to those discussed in Section 5, and include the instrumsnt measurement

errors for the navigation systems and the execution errors for the

guidance system. These errors have again been assumed to be tandems i.e.p

bias errors are not considered. Also, the guidance errors are again based

on the assumption of step changes in velocity.

6.3 NAVIGATION ANALYSIS

Although the type of navigation analysis presented in this section

for the return leg is identical to that of Section 5 for the outbound

leg, the objective as well as the scope of this analysis are more limited.
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Since the return leg would obviously exist only for a manned mi|sion,

the objective of this section is to determine the capability of the

navigation systems to achieve an atmospheric entry maneuver at perigee.

The data shown in Reference 18 indicates that a 21 km entry corridor*

is required at Earth for a vehicle with a L/D ratio of one and a speed of

18 km/sec. A one-slgma limit of + 3.5 km guidance accuracy is therefore

defined in order to obtain a three-sigma confidence of hitting such an

atmospheric entry corridor at Earth.

The scope of this analysis is also limited by the mission itself.

Since only Systems III and IV are reasonable choices for a round-trlp mission

to Mars, it is these systems which are considered in Section 6. Sy|tJm I_I

could represent the primary navigation system, and uses the Earth-based

tracking network as well as a complete onboard navigation system. The

performance of System IV is also Importsnt_ howeverj since it could be used

in the event of a ground communication failure.

The navigation systems discussed in this Subsection again assume the

nominal guidance system with the execution errors defined in Section 5.

However, a Fixed Time-of-Arrival (FTA) nominal guidance law is now assumed

for most of the analysis since it is likely the return would be to a

preselected Earth-flxed landing site. Some additional data has _en

obtained using a Variable Time-of-Arrlval (VIA) guidance law to illustrate

the dependence of the results on a particular guidance law.

6.3.1 Measurement Schedule

The measurement schedule uled with System III im shown in Table 6-1,

The DSIF stations which have been used and thelrmeasurmmant accuracies

are shown in Table 4-5. The onboard instrument is assumed to be a theodolite.

*The corridor llmits are defined in the reference.
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The measurement schedule that has bean used for System IV (onboard

only) was obtained with the aid of the data shown in Figure 6-5. This is

similar to the body selection data which are described in Subsection 4.5

for the out-bound trajectory. These data for the return trajectory show a

much more favorable measurement coverage of the vehlclels three position

coordinates early in the flight than was available on the out-bound trajectory.

During the first part of the traJectory_ Mars is the primary body since

it results the smallest measurement error (Figure 6-5A). On thls basis the

Earth Is the secondary body.fit is also in a position nearly orthogonal to

Mars. Therefore, Mars and the Earth provide good orthogonal measurement

coverage of the vehlclets position Irate which is to be estimated. The

value of using either the Earth or the Sun with Mars early in the fllght is

shown by the data in Figure 6-6 where the B.T and B-R error in estimates of

the and-polnt constraints ere plotted as a function of time. Each of the

three sets of curves was generated with 70 observation|. Curves number

one show that, after one day_ the continued use of Mars provides no

significant improvement in the terminal estimate. At about I0 da_ the

use of either the Earth or Sun as a secondary body becomes important. The use of

Earth (curves 2) as a secondary body is the more important, as would be expected

from the accuracy of measurement data (Figure 6-5A). The Earth measurement

has an accuracy of approximately 4000 ks, while the Sun measurement has an

accuracy of i0000 km.

A Dractical problemassociated with the usa of the Earth for

observations at about 30 days is shown by the data in Figure 6-5B.

The Earth will occult the Sun as observed from the vehlcle, and an

optical instrument observing the Earth would be "blinded".

During the second half of the traJectory_ the Earth is the primary

body to be observed from the accuracy consideration. The Sun during this

time is the secondary body of interast_ and it is in a position relative

to the Earth to provide good positional measurement coverage when used

as a secondary body.
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Parametric data were generated which showed that the use of Sun

was not required during the second half of the schedule. The complete

schedule that has been used with System IV is shown in Table 6-2.

6.3.2 Navigation Systems Comparison

6.3.2.1 System III

The navigation performance of System III is shown in Figure 6-7,

where the RMS error in estimate of the end-point position constraints is

shown aa a function of time. One curve shows the state obtained u|ing

DSIF tracking alone_ while the second curve has assumed the use of a

10-arc-see theodolite. Both curves represent the vector sum of the N, V,

and W position components. Also, the individual components of the error

in estimates are shown from 290 days to the end of the trajectory. The

incresse in the error in estimate at 50 days that iI shc,An is due to error

in monitoring the first guidance correction. From the data shown in the

figure, it is seen that the addition of the onbc_rd trackor produces only

a very small improvement in the estimate of the state at perigee. Almop

it is clear that the DS_F alone Is capable of providing a navlgation

accuracy sufficient for an atmospheric entry maneuver (3.5 km guidKnce

accuracy) _ since the error in estimate of the altitude coordinate is i. 96 km

at the time of the last mldcourse maneuver (296 days 14 hours). Therefore_

the navigation performance of System III has not been studbad as a function

of the onboard instrument; errors.

The deviations in the end-polar constraints, resulting from guidance

corrections at the four times given in Table 6-3 and a FTA guidance law_

are given in Table 6-4 for System Ill, with and without onboard observations.

The deviations following the final correction are 10-15 percent larger than

the error in estimate. This indicates that the guidance system with four

corrections can control the trajectory to approximately the same accuracy

as it can be estimated with the navigation system. System Ill without the

aid of the onboard data has a guidance accuracy in the altitude direction

at perigee of 2.17 ks, which is well within the 3.5 km corridor which lJ
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The AV requirements for both cases shown are approximately 70 meters/second.

6.3.2.2 System IV

Since this system is assumed to be a back-up for System III, it is

essential to determine the onboard instrument accuracy required to satisfy

specific mission objectives. The RMS errors in estimate of the perigee

position are shown in Figure 6-8 for System IV. The data is shown for a

theodolite with various accuracies, and has been obtained using the obser-

vation schedule in Table 6-2. The data which is shown as a function of

time in Figure 6-8 is summarized in Figure 6-9, where the errors in

estimate at perigee for each of the position coordinates are shown as a

function of the instrument accuracy. The error in estimate of the RFLS

velocity is also shown in this figure. These errors result from the

propagation of the errors in estimate of the state at 296 days 16 hours to

the end-point, 296 days 18 hours, and would be the estimates used for

computing the retro maneuver.

The nominal guidance system performance data for System IV are

shown in Figure 6-10 as a function of instrument accuracy. In Figures

6-10A, 6-10B, and 6-IOC, both the error in estimate of the state at the

time of the last correction and the end-polnt deviations are shown for

the N, V, and W components, respectively. These figures show that the

deviations are not significantly different from the error in estimates;

therefore, it may be concluded that the nominal guidance system is capable

of controlling the trajectory to an accuracy which is approximately equal

to that of the navigation system. The main result of this data is the fact

that an atmospheric entry at perigee could be achieved with a 4-arc second

instrument, as shown in Fugure 6-10A. The AV requirements and time deviations

in arrival are shown in Figure 6-10D. The AV which is required with the

4-arc-second instrument is 85 meters/second.

An additional study has been made to determine the effect of Moon

observations on the System IV performance. For this case, 40 observations
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of the Moon were added to the nominal observations schedule during the

final two days. The results of this study are shown in Figure 6-11, where

the errors in estimate of the ALT_ DR, CR positions at perigee are compared

with those obtained using the same onboard system but without using Moon

observations. The improvement resulting from Moon observations is quite

apparent. The error in estimate of the altitude at perigee is reduced

from 4.90 km to 2.52 km. There is also a large reduction in the DR error

in estimate. The guidance performance data for System IV with both the

nominal schedule and the schedule that includes Moon observations are shown

in Table 6-5. The data shown refer to the errors in estimate of the con-

straints at the time of the last correction (296 days and 14 hours) and

deviations following the correction. The use of the Moon observations

produces a large performance improvement in all of the coordinates. The

reduction in the altitude deviation from 6.80 km to 3.75 km would nearly

permit the use of a 10-arc-second instrument to satisfy the entry corridor

limits_ whereas this system without Moon observations requires a 4-arc-second

instrument, as shown in Figure 6-10A. There is also a 20 meter/lecond

reduction in the velocity requirement, which is primarily the result of the

improved estimate at the time of the third correction (Figure 6-11 at

295 days 18 hours).

6.3.3 Venus Swingby Mission

The use of Venus swingby on the return trajectory from Mars to

Earth has been described in two references (References 18 and 25). Its

primary value is in reducing the entry velocity at Earth. This type of

trajectory also shows promise in providing 500-600 day round trip Mars

trajectories, which are low-energy in both directions. Because of these

important aspects of such a trajectory, preliminary data have been

generated for such a trajectory. The nominal trajectory which was used

is shown in Figure 6-2, and is characterized by: (I) a total flight time

of 360 days, (2) a first leg to Venus having a flight time of 200 days

with a radius of closest approach to Venus of 7478 km (1428 km altitude),

(3) a flight time from Venus to Earth of 160 days, (4) a virtual perigee
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altitude of 24 km at - 16.2 degrees latitude and 270 degrees longitude, and

(5) a velocity at perigee of 12.1 km/sec_ as compared with 15.2 km/sec on

the direct return trajectory which was used.

This trajectory has been considered using System IV with a 10-arc-

second theodollte_ and the "nominal" guidance system and an observation

schedule as shown in Table 6-6. The navigation data are shown in Figure

6-12A and 6-12B. The data in Figure 6-12A are the errors in the predicted

estimates of the X_ Y_ and Z components of position in target coordinates

at the time of closest approach to Venus as a function of time. The data

in 6-12B are the corresponding error data for the Venus to Earth part of

the trajectory. They are errors in predicted estimates of the altltudep

cross-range and down-range positions at perigee.

The guidance data for both parts of the trajectory are shown in

Table 6-7, and include times of corrections, error in estimate of contralnts

at time of correction_ velocity requlrements_ and constraint devlatlons

after the corrections. Table 6-8 presents the total deviation state at

the time of closest approach to Venus and at perigee. The coordinates

are altitude, cross-range and down-range. These data indicate that the

trajectory can be estimated and controlled to same degree of accuracy

as the direct return. With the 10-arc-second accuracy theodolite and the

nominal guidance system, this swingby trajectory was controlled to the

entry corridor at perigee (altitude coordinate) with an accuracy of 4.38 km.

The same guidance and navigation system controlled the altitude coordinate

on direct return trajectory to 6.8 km. In table 6-7, the close approach to

Venus data shows that the passage distance and altitude was controlled

to i0.2 km.

The penalty which is paid when using the swlngby trajectory is

in the mid-course AV required. The AV on the direct return is

110.34 meters�second while on the Venus flyby return trajectory the

AV requirement is 255.21 meter/second. A more detailed study of the

guidance aspects on this type of a trajectory could possibly reduce the
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difference. In particularj the use of a combination of guidance laws

should be considered. In the case shown, a fixed time of arrival guidance

law was used for all corrections. Therefore, the position state at the

time of closest approach to Venus was the only constant being controlled.

By considering the continuing trajectory to Earth, it is apparent that

the velocity state of the time of Venus passage is also important. With

the fixed tlme-of-arrival guidance law, the position state at Venus passage

was controlled quite well, but the velocity had an _ deviation of 360

meters/second (Table 6-8). The large velocity deviation contributes

significantly to the large velocity corrections on the Venus-Earth part

of the trajectory. Therefore, a study which included consideration of

various guidance laws and possible combinations of them would vary llkmly

produce a more favorable guidance logic for such a mission.

The results of the preliminary analysis of the Venus flyby mission

indlcate_ (I) the navigation system does not present any unique problems,

and (2) the guidance system should be studied in more detail in ordsr

to attempt to reduce the midcourse velocity requirements which were

considerably larger than those required for the direct trajectory to Earth.

6.4 GUIDANCE ANALYSIS

The performance of the guidance system for the return trajectory

has not been studied as a function of the execution errors, since the

navigation analysis in the preceeding section has shown that, if four

corrections are made, the nominal guidance system can control the trajectory

an accuracy within 10-15 percent of the accuracy of the constraint estimates.

A detailed study of the guidance times has bean made for this phase;

however, since the results are very similar to the data in Subsection

5.4.1, it has not been included. The schedule of guidance times based

on this data (the _V requirements and end-point deviation tradeoffs) is

shown in Table 6-3. The two aspects of the guidance analysis which have

been considered and are discussed in this section are: (i) the affect

of the particular guidance law that is used on the velocity requirements,

and (2) the importance of the injection error covariance matrlx on the

guidance performance.
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6.4. i Guidance Laws

The velocity requirements for the first and second correctlonl

have been determined for three different guidance laws, with the injection

error covariance matrix shown in Figure 6-3_ for the assumption of a perfect

navigation system (P(0) = 0). These AV requirements are shown in Figures

6-13 and 6-14 for the FTA_ VTA, and Minimum AV guidance laws. The difference

between the AV requirements at zero time (for all guidance laws) for the

outbound trajectory and return traJectorie| 12 m/iec and 30 m/me_ as shown

by Figures 4-60 and 6-13, is primarily due to the different RHS velocity

deviations at injection which have been used. During the early phase of

a trajectory, the AV required is very nearly equal to the velocity devi-

ation. This is due to the large sensitivities of the end constraints

to velocity changes at this time.

The curvel for the required velocity in Figuztl 6-13 and 6-14 are

similiar in form to those of the outbound leg (Figures 4-60 and 4-61).The

singularity at 170 days is again due to the true anomaly to the end-point

being 180 degrees (Figure 6-1). A comparison of the return AV curvam

(Figure 6-13) with the outbound curves (Figure 4-60) indicates two

significant differences in the return trajectory velocity requirements.

The first difference is that at ii0 days the VTA law exhibits a lecond

singularity which has a wide time period of large AV requirements about it.

The result is that, during the first 170 days_ the VTA AV requirement

is significantly larger than FTA. The singularity is the result of

controlling V with the VTA law along with _.T andB_R as constraints.

If V is not controlled and AV is mlnlmized_ the curve for AV minimum

shows a considerable reduction in the AV required during this period.

In fact these curves, in general, indicate that the selection of the

guidance law during the early part of the return trajectory is quite

important, since the _V requirementsp unlike those for the outbound

trajectory (Figure 4-60), are quite dependent on the particular guidance

law that is used.
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The second significant difference between the data for the return

and outbound trajectories is the rate of increase in the velocity require-

ments with time (neglecting the singular regions). The first correction

velocity requirements on the return trajectory grow from 30 meters/second

at the start to approxlmately 150 meters/second during the first 150 days

(Figure 6-13) for all three guidance laws. On the out-bound trajectory

(Figure 4-60) the first correction _Vwith a VTAV guidance law increases

from I0 meters second at injection to 15 meters/second at 150 days. The

corresponding increase for the FTA law is from I0 maters/second to 65

meters/second. These rates of increase in the requirements on the out-

bound are significantly lower than those on the return. The result of this

is that on the out-bound trajectory there is a much smaller penalty in _V

as more time is taken to allow the navigation system to obtain a good

estimate on which to base the guidance corrections. This rapid growth in

the velocity requirements on the return trajectory is due primarily to

the diagonal injection covarlancematrix (Figure 6-4) which was used in

the analysis. Figure 6-15 shows the first correction _V requirements

for the injection covarlancematrix which was used on the out-bound

trajectory (Figure 5-6). Thls matrix shows a significantly slower growth

during the early part of the trajectory for all the guidance laws. The

midcourse AV requirements for these different inJectlonmatricei are

presented in the next Subsection.

in addition to determining the AV requirements for various guidance

laws, the effect of a VTA guidance law on the end-point deviations has

also been determined. This effect is of interest because the navigation

systems in Section 6 have assumed the use of a FTA guidance law. Table

6-9 shows a VTA guidance law reduces the altitude deviation from 6.8 km

to 6.4 km and the AV requirement by I0 m/sec. A significant disadvantage

of the VTA law_ however, is that the standard deviation of the arrival time

varies from 25 seconds for the FTA to 4 hours 17 minutes for the VTA. If

an Earth-flxed landing site were to be used, this time devlatlon might

prohibit the use of a VTA guidance law.
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6.4.2 Injection Errors

The covariance matrix of injection errors used in the analysis is

shown in Figure 6-3. This matrix was used for both the error in estimate

of the state and the state deviations. In this Subsection, some additional

guidance data are presented to show the influence of these injection

conditions on the guidance results. The deviations remulting from different

injection conditions (shown in Table 6-10) indicate that the guidance per-

formance at perigee is relatively independent of the injection ccmditionm.

In particular, the variation in the altitude constraints, which control

the corridor, was I0 percent with the variouJ injection conditiome shown in

Table 6-10. The velocity requirements as shorn, however, are dependent

on the injection conditions, with the major differences occurring in the

first correction.

The first two cases in the table show the influence of a better

initial estimate of the state on the performance. The error in estimate

of the initial velocity state was reduced from 30 m/sec, to 3m/sac.

There is a i percent decrease in the velocity requirements and a 5 percent

decrease in the perigee position deviations. The third case represents

a reduction in both the error in estimate of the velocity and the velocity

deviation from 30 m/sac, to 3m/sac. The primary effect of thls change is

to reduce the first correction by 27 _ters/second. This is essentially

the same as the reduction in the initial velocity deviation. The other

three corrections were also slightly reduced.

The total _V of 110.34 m/sac, required for case one shown in

Table 6-10 represents nearly twice the 56.8 m/sac. _V required on the

out-bound for the corresponding navigation system. This difference is

due primarily to the manner in which the _V requirements grow on the return

trajectory (Figure 6-13) with the dlagonalmatrix. The data in Table 6-11

shows a comparison of the AV requirements on the out-bound and return using

System IV with a 10-second theodalite and a FTA quidance law. The

injection error covariance matrix used for both cases is the one shown in

Figure 4-6 , which was used on the out-bound trajectory. The data indicates
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that, with the same injection errors, the velocity requirements on both

trajectories are very nearly the same.

6.5 SUMMARY

The navigation analysis of System III indicated that the DSIFtrecking

system alone was capable of an accuracy which would permit an atmospheric

maneuver at perigee. System IV, the on-board iystemNrequiree a 4 -arc-

second instrument to provide the accuracy required to achieve a 3.5 km

corridor deviation.

The midcourse AV requirements are larger on the return trajectory

than on the out-bound for a VTA Guidance Law.

The Venue swingby trajectory for the return shows no navigation system

difficulties, but does indicate the guidance logic should be analyzed in

an attempt to reduce the _V requirements. The _V required on the swingby

mission is approximately twice the _V as the direct-return trajectory. '_ ....
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SECTION 7

MARS ORBITAL ANALYSIS

7.1 INTRODUCTION

The Mars orbital phase starts i_mmdiately after the retro maneuver

and continues for 40 days. As previously stated, this phase has been

assumed to be independent of both the outbound and return phases of

the mission. The uncertainties that resulted from the outbound mid-

course phase, as well as the retro maneuver into orbit, have not been

used as injection errors for the orbital phase. This is because the

values of these errors, as discussed in Section 5, are quite small.

Since it is desired to evaluate the capability of the navigation

systems under adverse conditions, injection errors that are several

orders of magnitude larger than might normally be obtained are defined

for the orbital phase. It has been assumed that the required AV for

the departure maneuver would be computed by using the current best

estimate of the trajectory as the nominal park orbit. It is also

assumed that the guidance errors resulting from the burn maneuver would

be about 1 per cent of the AV maneuver requirements. With thie assump-

tion, the uncertainties in estimating the orbit are orders of magnitude

less than the uncertainties from the guidance errors, and therefore

the return phase does not depend on the results of the orbital phase.

No guidance corrections are considered for this phase and no specific

mission requirements have been defined. The purpose of this section, there-

fore, is to investigate the orbit determination capabilities of the DSIF and

onboard navigation systems. The results are interpreted in terms of the

orbital elements, as well as the state vector of position and velocity in

the NVW coordinate system, for various orientations of the orbit.

7-I
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7.2 STUDY RESTRICTIONS

A number of the restrictions discussed in previous sections also

apply to the analysis of the orbital phase. In particular, the error sources

considered are again of a random nature and result from either Earth-based or

onboard tracking devices. The filtering theory and error propagation methods

discussed in Section 2 also apply to this phase of the analysis. The re-

strictions that differ for this phase, however, pertain to the park orbit

used and the injection errors. Only errors in the basic measurement

instruments are considered. These errors are tabulated in the RMS position

and velocity plots for each instrument.

7.2.1 Nominal Orbit Plane

The park orbit configurations considered in this phase are described

in terms of the orbital elements shown in Figure 7-1. Numerical values of the

orbital elements and the injection conditions are shown in Table 7-1 for the
.

nominal trajectory. The eccentricity of the orbit, however, has been changed

from 0 to 0.0199. This change has been made to enable the error in estimates

of the orbital elements to be computed. As shown in Appendix D, the gradient

of some of the orbital elements with respect to position and velocity state

contain ! terms which prevent the analysis of circular orbits in terms ofe

the orbital elements (i.e., not all elements are defined for circular orbits).

The orbit and planetary body configurations for the nominal trajectory
l

at injection are shown in Figure 7-2. It has also been assumed that

the central body of attraction (Mars) is spherical with homogeneous mass

distribution and, therefore, no variations in the orbital elements due to

oblateness exist.

Since the DSIF tracking capability is highly dependent upon the

orientation of the park orbit with respect to the tracker line-of-sight,

some additional trajectories have been considered. These trajectories

have the same conic sections (a, e, and q) as the nominal, but different

orientation Daramete-_

* This park orbit was supplied by Marshall Space F!_ht Center.
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The orbital parameters and injection conditions for R.W = 0 and R.W = -I

orbits, which represent the limiting cases, are given in Tables 7-2 and

7-3, respectively, in both 1950 equatorial coordinates and ecliptic coordi-

nates. The x-y-z coordinate system used to define these special orbits is

shown in Figure 7-3. The _.W = 0 and R.W = -I orbits, in term_ of x-y-z

coordinates, are shown in Figure 7-4.

7.2.2 I_lec_io n B;ror___s

Injection errors for each position and velocity component of 1000 km

and 1 km/sec, respectively, are considered except where otherwise noted.

These errors are much larger than the errors that have been found to exist

at the end of the midcourse phase.

7.3 NAVIGATION ANALYSIS

In the analysis that follows, the performance of Systems I, III, and

IV is evaluated on the nominal Martian orbit. System I is also evaluated for

various orientations of the park orbit with respect to the Earth-Mars llne.

In the analysis of Systems III and IV, a number of different measurements

as well as combinations of certain measurements are considered.

7.3.1 System I

The results of studying the navigation capabilities of DSIF tracking

are presented in this sub section. The measurement errors (q) of the three

tracker stations have been given in Section 5. The measurements taken are

azimuth, elevation, and range-rate. Gradient vectors (H) for these measure-

ments are given in Appendix B. These gradients are of particular interest

because they indicate that: (I) both azimuth and elevation measurements are

not very Useful as the magnitude of the H vector is reduced by _ (R is the

7-3
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magnitude of the LOS vector), and (2) the range rate gradient provides only in-

formation on the velocity components of the state that are along the LOS

direction R. It is clear then that the performance of DSIF tracking is highly

dependent on the orientation of the park orbit plane with respect to the tracker

LOS, (R_). A number of park orbits are therefore considered in this subsection

where the angle between the _ vector and W vector (perpendicular to the orbit

plane in the NVW coordinate system) is varied. The effects of vehicle occu-

latlon, different injection errors P(0), the transition matrix of the orbital

equations, and the frequency of observations are also considered in thls

subsection.

The first orbit plane analyzed using DSIF tracking, is oriented such

that R.W=0. This orbit is defined in Table 7-3. Tracking is initiated

with a diagonal P(0) matrix consisting of a i000 km uncertainity for each

position coordinate and a i km/sec uncertainty for each velocity coordinate.

Observations have been made at the rate of I/min. All tracking was initiated

at the point of closest approach to the planet.

The results of this study are presented in Figures 7-5 through 7-7.

The RMS errors in estimate of position and velocity _ and _ respectively, are

shown in Figure 7.5. These tracking data indicate that, after three days of

continuous tracking, a reduction of about one order of magnitude in both the

position and velocity uncertainties occurs. The reason for these uncertainties

not being reduced by a greater amount is that the tracker LOS is in the orbit

plane for this park orbit, therefore, no information is obtained on the out-of-

plane (W) components of position and velocity. This particular _.W orbit plane

was defined initially to lie in the Earth-Mars plane. As a result, the

tracker Line-of-Sight still lies in the orbit plane after three days of

continuous tracking. It is the W components of position and velocity that

are the major part of the uncertainties for this orbit as shown in Table 7-4.

These same results are also expressed in terms of the orbltal element a, e

and q, and i, _, w, in Figures 5-6 and 5-7, respectively.
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The effects of considering the vehicle occulation by Mars is shown

in Figure 7-5 to increase the uncertainty in position and velocity by

40 km and 0.45 km/sec, respectively, after three days of tracking. These

figures represent a 30 per cent increase in the position uncertainty and

a 25 per cent increase in velocity uncertainty. The period of occulation

for this orbit is nearly equal to that shown in Figure 7-8. This figure
_A

also contains the observation schedule. Since the R.W = 0 orbit results

in the maxirl,um occulation of the vehicle, it may be concluded that the

effects of occulation do not present a serious limitation for DSlF tracking.

The period of occulation decreases with increasing altitude and as a result

is less significant for orbits of increasing radius. The projection of the

positions of Earth and Mars onto the ecliptic plane, shown in Figure 7-9,

indicates the heliocentric motion of the two planets during the 40-day

orbit period.

T_,e effect of a small initial cov_nce macrlx _U), is shown in

Figure 7-10. The initial position and velocity component uncertainties

are 3 km and 0.095 km/sec, respectively. Two features of the error in esti-

mate curves are considerably different from the curves in Figure 7-5 where the

initial P matrix is larger. First, the initial RMS position uncertainty in

Figure 7-10 represents a greater accuracy than the DSIF instrumentation is capable

of maintaining and, therefore, the _N curve increases from the initial value.
x

The second feature that may be noted for both the position and velocity

uncertainty curves, is that the curves themselves are oscillatory, unlike

those in Figure 7-5. These oscillations reflect the dynamics of the orbital

equations (and, in particular, the dynamics normal to the nominal orbit plane).

Whereas the dynamics of the midcourse trajectories can essentially be rep-

resented by straight line segments, the park orbits are nearly circular and

the transition matrix contain periodic as well as secular terms. As the

errors in estimate in Figure 7-10 consist mainly of errors along the W

component, the curves in this figure represent the effect of propagating the

error in estimate (0P_ T) of the W component along the trajectory. The

equations for the variances of W and _, are respectively:

7-5
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2 (t) ffi(7" w (t-t O) + o-2 si2 W (t-to) 7-1
W W

and

7-2

Solving these equations at true anomaly angles of 90 °, 270 ° , 0 °, 180 °

yields the maximum errors in estimate shown in Figure 7-10, which are 67 km

and 0.055 km/sec.

An additional study has been made to determine whether increasing the

observation frequency would decrease the errors in estimate shown in Figure 7-10.

By doubling the observation frequency from one per minute to one every 30

seconds, it has been found that there exists no improvement in the position

or velocity uncertainties. The curves in Figure 7-10 represent the highest

degree of accuracy that can be obtained with DSIF tracking for this particular

orbit.

Two additional variations in the R.Wffi0 orbit have been made. First,

the park orbit plane was rotated 90 degrees about the LOS so that it is per-

pendicular to the Earth-Mars orbit plane at injection. The second change

consisted of the 90 degree rotation about the LOS as well as a 90 degree

rotation of the true anomaly of the park orbit. The results of studying

these orbits about the angular momentum vector (for positive rotation) are

shown in Figures 7-11 and 7-12. It may be seen that the magnitude of the

uncertainties in these figures is slightly less than that of the uncertainties

in Figure 7-5. This is because the tracker LOS is not always perpendicular

to the W unit vector for these orbits(i.e., at the end of three days

-<R.W_ 89 degrees), and, therefore, a slightly better estimmte of this com-

ponent is obtained. It may also be seen from Figures 7-11 and 7-12 that a

shift in the true anomaly by 90 degrees relative to the tracker LOS does

not change the position or velocity uncertainties, moreover, the only dif-

ference in these curves is the shift in the peak error of 90 degrees which,

of course, is a direct result of the shift in the orbit true anomaly.

7-6
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7.3. I. 1 Nominal Park Orbit

The nominal park orbit has approximately the same orbital elements

a, e, and q as the R.W =0 orbit; however, the angle between the tracker
AM

LOS and the orbital plane for the nominal orbit is 6 degrees, _ R.W = 96

degrees. The DSIF tracking data for this orbit is shown in Figures 7-13 through

7-15. A comparison of the position and velocity uncertainties for this

orbit with the R.W = 0 orbit of Figure 7-5 shows that both _ and _'7
X

uncertainties have reduced considerably as the result of the 6 degree rota-

tion of the orbit plane. The maximum uncertainties which occur near the end

of the three day tracking period are 2 km and 0.025 km/sec.

7.3.1.2 Addition Park Orbit Inclinations. A typical case where information

is obtained on both in-plane (N and V) and out-of-plane (W) components is

where _ R.W = 130 degrees. The DSIF tracking data for this case is shown

in Figures 7-16 and 7-18. The peak RMS position and velocity uncertainties

near the end of the tracking period, as shown in Figure 7-14, are 160 km and

v._ _LUlEeC., respectively. _"_lecomponents of the uncer£a_nE_es in position

and velocity, shown in Figures 17 and 18, indicate that, in addition to large

uncertainties in the W position and velocity components, the V position

uncertainty and the N velocity uncertainty are also large.

The DSIF tracking data for the park orbit whose plane is perpendi-

cular to the LOS is shown in Figures 7-19 through 7-21. This orbit represents

another extreme case where it would be expected that very good estimates

might be obtained for the W components of position and velocity, and poor

estimates for the in-plane components. The RMS position and velocity un-

certainties shown in Figure 7-19 indicate that actually this orbit results

in the smallest uncertainties of any of the orbits considered. These un-

certainties have been reduced by three orders of magnitude to I0 km and

8 m/sec at the end of three days of tracking. The uncertainties of the

orbital elements for the last three hours of tracking are shown in Figures

7-20 and 7-21. These figures indicate that the _, and i parameter uncertainties,

7-7
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which are a function of the out-of-plane uncertainty, are very small for

this orbit.

The effect of making only range-rate observations is shown in

Figure 7-22.

An additional study has been made using this orbit to show the effect

of a very large covariance matrix P(0). These results are shown in Figure

7-23.

7.3.1.3 Summary of _.W Orientation. A summary of the results of varying

the tracker LOS-orbit plane angle (_ R.W) between 90 degrees and 180 degrees

is given in Tables 7-4 and 7-5. After 8 hours 5 minutes of tracking, these

results verify the fact that the range-rate measurement produces the best

estimate on the component of position and velocity that lle along the tracker

LOS. In general, the V component of position uncertainty is larger than the

N components because of the secular term in the V element of the transition

matrix. _n_ the vp1_r_y uncertainties, however, it is the N component _ha_

is the larger of the two in-plane components N and V. This is also the result

of a secular term in the element of the transition matrix that affects N. The

optimum orientation angle, as shown in Figure 7-24, is _ R.W = 180 degrees or

0 degrees, as this results in the smallest uncertainties for both RMS posi-

tion and velocity.

7.3.2 System III (DSIF-Sextant_ DSlF-Radar_

The navigation analysis of this system consists of studying the

performance of DSIF tracking combined with onboard radar and sextant measure-

ments. The nominal park orbit has been used, and observations are made at

the rate of one per minute.

7-8
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The results of the DSIF-radar measurements are shown in Figures

7-25 through 7-27. A comparision of the uncertainties in position and

velocity is shown in these figures; with the same quantities using only

DSIF, Figure 7-13 indicates that the addition of onboard radar measure-

ments adds nothing to the orbit determination capabilities of DSIF. It

should be noted, however, that the value of onboard radar measurements de-

pends on the orientation of the park orbit. For example, if the park orbit

were inclined such that R.W = -1, then the radar could result in improve-

ments for estimating the components of position and velocity in the orbit

plane. The uncertainties in the orbital elements for this system are shown

In Figures 7-26 and 7-27.

The combination of DSIF and sextant observations provides very good

navigation information, as shown in Figures 7-28 through 7-30. These re-

sults have been obtained by assuming two simultaneous sextant observations,

with one measurement in the nominal orbit plane and the other at a declina-

tion of 45 degrees to the orbit plane. A i0-arc-sec instrument has been

assumed. As a result of these particular sextant measurements, the out-of-

plane components can be estimated quite well. In fact, for this system the _

uncertainties in position and velocity after three days tracking were res-

pectively 0.015 km and 0.2 m/sec. These estimates are significantly better

than any of the other systems evaluated for the nominal park orbit.

7.3.3 System IV

The performance of this system has been studied for the followin 8

onSoard measurements: (1) sextant, (2) onboard radar, (3) subtended angle,

and (4) a combination of sextant and subtended angle.

The same sextant measurements have been assumed that were discussed

in the previous section. The results of these measurements with 432 in-

plane observations and 432 observations at a 45 degree angle to the orbit

plane, are shown in Figures 7-31 through 7-33. The RMS uncertainties in
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position and velocity for these measurements at the end of 72 hours of

tracking are 750 m and 0.5 m/sec., respectively.

The onboard radar system measures both range and range-rate, which

are essentially altitude and altitude-rate. The measurement gradient, H,

lies in the orbit plane. Therefore, the performance of this system, shown

in Figures 7-34 through 7-36, is limited by the W components of position

and velocity, since these components can not be reduced directly by radar

measurements. The measurement accuracies are tabulated in Figure 7-34.

The final uncertainties for this system are about 1.4 km and I.I km/sec.

The capability of a planet tracker (subtended angle measurements)

for determining the vehicle's orbit is indicated by the data in Figures

7-37 through 7-39. These observations result in range information and,

therefore, again provide good estimates of the in-plane components of

position and velocity. The final uncertainties for this system are essential-

ly the same as those obtained using onboard radar.

The results of combining subtended angle and sextant measurements

are shown in Figures 7-40 through 7-42. The RMS position and velocity un-

certainties shown in these figures are identical to those resulting from

sextant measurements alone (Figure 7-31), at the end of three days of

tracking. In fact, the only difference between the combined measurements

and the sextant alone is that the uncertainties decrease faster during the

first orbit with combined measurements (as can be seen by comparing Figures

7-31 and 7-40 for the first two hours of tracking).

7.4 COMPARISON OF SYSTEMS PERFORMANCE

The performances of the seven navigation systems studied for the

orbital phase are sun_narized in this section. The data is presented in

terms of both position and velocity component uncertainties, as well as

orbital element uncertainties.

7-10
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7.4.1 NVW Component Summary

The results of studying the DSIF tracking for various orbit inclina-

tions (Figure 7-22) have shown that the most accurate tracking is obtained

when the park orbit is inclined _ 90 degrees to the Earth-Mars line. Also,

it has been found that the worst case of tracker occulation by Mars increases

the position and velocity uncertainties over the case where no occulatlon

occurs by 30 percent and 25 percent respectively. As seen in Table 7-4,

for almost any R.W angle, the V components of position and the N components

of velocity are the largest of the in-plane component errors, as these com-

ponents contain secular terms in the transition matrix elements.

A sunmmry of the results of evaluating the seven navigation systems

for the nominal trajectory is given in Table 7-6. These systems would

be part of Systems I, III, and IV as defined in Section I. The results in

Table 7-6 show that System III with DSIF and sextant observations is the

_St ....... _^ "+_+_ ...... _°_"_°_ _f _ ? _m _ O+17 m/m_r aqter three

days of tracking. System IV with sextant or sextant and subtended angle

observations is the second most accurate with uncertainties of 0.75 km and

0.6 m/sec. These two systems possess good capabilities of determining the

park orbit. This is true because, with sextant observations, it is possible

to obtain estimates of the out-of-plane components of position and velocity.

System I (DSlF tracking only), System III with DSIF and onboard

radar measurements, and System IV with either onboard radar or sub-

tended angle measurements possess significantly poorer performance

*These values represent the time averages where oscillations occur in the

uncertainty curves.
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than the systems that contain sextant or sextant and DSIF tracking. This

is also shown in Table 7-6, and is the result of very little out-of-plane

information. These results are presented in a different form in Table 7-7.

Here a fixed accuracy of i km and I m/sac has been established as a minimum

acceptable level for the RMS position and velocity uncertainties. Again,

the only systems capable of achieving this level are those containing sex-

tant observations; i.e., sextant alone, sextant-DSIF, and sextant subtense

measurements. The times required for these systems to attain this level of

accuracy, as well as the minimum level of the uncertainties obtained with

the other systems, are shown in the table.

7.4.2 Orbital Element Summary

A composite summary of the navigation capabilities of the seven

systems for determining the six orbital elements is given in Table 7-8

for the nominal trajectory. Also included in this table are the results

of two special orbits (R.W = 0 and R.W = i) and the results of making only

r=ng_-r_ce m_d_ur=L_L,_. _,L== f_uL=_ =L= listed _u_--each _°_=; the stan-

dard deviation of the error in estimate of the orbital element, the ratio

of the particular standard deviation to the standard deviation for the

DSlF-sextant system, and the order of magnitude by which the _-sextant

is superior. The DSlF-sextant system has been considered as a basis for

comparison, since this system produced the most accurate estimates.

The second most accurate system is again the sextant subtense

system, and the capability of this system for determining the conic sec-

tion parameters is approximately one order of magnitude poorer than that

of the DSIF-sextant. The capability of this system to determine the orbit

orientation parameters i, w, and G, however, is just as good as that of the

DSIF sextant system. This is an important result because it indicates that

the degradation of the navigation performance of an onboard system (System

IV) is not significant compared to the most accurate system (System Ill
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with DSIF-sextant). The data in Table 7-8 for the orbital elements dis-

play many of the same results that have been found in Table 7-6. In par-

ticular, the three DSIF cases for different orbits and range-rate measure-

ment show that the R.W = -I orbit is again the orientation that can be the

most accurately determined and also the DSIF tracking with azimuth, elevation,

and range-rate measurements is not any better than that with only range-

rate measurements.

The results of the seven system comparisons for the nominal traject-

ory can be interpreted to a large extent by the type of measurement in-

formation that is obtained. The DSIF-onboard radar system for example,

is not better than the DSIF alone. It also may be noted from Table 7-8

that in-plane measurements may be capable of determining the conic section

parameters, but in general, out-of-plane-measurements (eg; sextant) are

also required to accurately estimate the orientation parameters i, w, and

_. The numerical data that is given in Table 7-8 is also presented in

Table 7-9 in bar-chart form. In Table 7-10 the orbit determination cap-

abilities of the seven systems are summarized by plotting the vector sum

of the six components (a, e, q, i, _, and _), the sum of the three orienta-

tion parameters (i, _, and _), and the sum of the three conic section

parameters (a. q.e).

In Table 7-11, the performance of System III with both DSIF-Sextant

and DSIF radar measurements is compared to DSIF tracking. Table 7-12 shows

a comparison of the four different onboard systems: radar, subtended angle,

subtended angle-sextant, and sextant. The most accurate of these systems

is the one with sextant observations; therefore, this system is the basis

for comparison in the table.

7-13

PHILCO. WDL DIVISION



WDL -TR2629

SECTION 8

RECQ_g4ENDATIONS

Additional study areas which would extend the scope of the present

study, and which are considered to be important for defining the mavi-

gation and guidance requirements of an interplanetary mission, are the

following:

a. PrecisionTraJectory. The results which are obtained in this

study with a patched conic trajectory should be verified with the use of

a precision trajectory.

b. Bias Errors. The influence of bias error sources which are

neglected in this study should be evaluated. These errors include un-

certalnltles in the physical constants, (mass of the sun, oblateness of

Mars, ,mass vL-="---_Lo,etc.), measurement instrument biases, onboard clock

bias, and tracker station location errors.

c. Filtering Technique. The study has assumed the use of a Kalman

filter in the data processing. The various other filtering techniques

should be evaluated and, in particular, consideration should be given to

their onboard implementation.

d. Beacons. The importance of having beacons on Mars should be

evaluated for the approach phase of the mission, terminal maneuvering

phase and the orbltal phase.

e. Terminal Maneuvers. The guidance system inertial equip-

ment requirements should be determined for the retro uaneuver (pc_-,

ered and/or atmospheric) and the powered flight out of the Mars orbit.

A retro analysis is also required at perigee on the return.
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f. Onboard Computer. The design of the onboard computer should

be studied to determine means of trading off speed for reliability (500

to 600-day missions). Also, techniques for simplifying calculations

for estimating and predicting the state should be investigated. This

investigation should include the effects of truncation errors in the

computer.

g. Mars Orbit. The navigation requirements in orbit should

be determined in terms of specific mission objectives. The influence

of the oblateness of Mars on these requirements should be evaluated.

The errors resulting from park orbit_vi_tion and the

burnlngmaneuver out of orbit should be evaluated in terms of their

effect on the return trajectory computations and performance.

h. Venus Swingby. The Venus swingby mission should be studied

•_ _._I _ ....._ _ _= --n=v.n_ _mprn-_Anee In a round-tr!pMars mission.

8-2

PHILCO. WDL DIVISION



APPENDIX A

DERIVATION OF TEE COVARIANCE MATRIX _ v
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The covariance matrix

E I

will be derived under the assumption that

_/_. ffi E(w T) is known.
v

Since P v deals only with the direction of the velocity correction

which can be specified by two quantities and it is a 3 x 3 matrix, Pv

is obviously singular. The error ellipsoid of_ v in 3 dimensions

will only in very special cases bare an exact resemblance to the error

ellipsoid/_v"

Let v = T _ where T is the orthogonal transformation which diagonalizes

-/_v' i.e., E(_ T) is a diagonal matrix.

Then

v

and

v v =

z IvlIvl
(A-I)

Let /

_U ffi y

x

\

A-1



Then, it is desired to determine
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Xy 2A = E x2 + + z2 Y and C - x 2 + 2 + xBfE 2+y2+ z 2

where x, y, and z are independent normal random varlables with zero mean

and variances 0. 2 0. 2 and 0. 2.
x' y' z

It will be assumed here that the

eigenvectors of T are so chosen such that

2 2 0.2
0.X • G >-- y -- Z

The Joint density function of x, y, and z is

p(x,y,z) " 3/2 e OyZ

(2.) E_x 0.y az_ \GXL azZ/

By introducing spherical coordinates

L = r cos¢ sin9

J_ ffi r sin_ sing

Y

z
-- = r cos(}

0.z

the Jacobian

S

_r _r _r

I

(_x ay Gz ) r2sing

A-2
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So the joint density function in spherical coordina_=s is

"3/2 e-½(r 2)p(r,0,_) ffi(2_) r2sin0

Let

X =

E -2+y2+ z
A

then in rectangular coordinates

A

2
X

2 p(x,y,z) dxdydz
+y2+z

and in spherical coordinates

-5/2 _,,_= u 2 c°s 2 _ o __ 2
A = (2_) x _ sin_esln0 r-e _ "

JJ J
o o o a 2 cos2_sin2e +a 2sin2_sin2e +a 2cos2e

x j Z

The r integral which is from 0 to m is readily integrated to give a

value of _-_ thus

i
A = --

4_
2. _ ax2cos2_sln3 0 d_de

o o CZx2cos2_sln2Q + ay2sin2_sln2e + az2cos2e
(A-2)

Next consider the _ integral.
2

Dividing by a and arranging
x

I r _ sin3@d@ COS2_
A =4--_ ""

_o o cos2_sln2e + _ sin2_sin29 + _z 2 cos2e
X X

Let u 2

_= -Y-- <I

_x 2 --

CZz2
- < 1

q <_ 2 --
x

sin2_ ffi I-cos49
A-3



NDL-TR2629
._

Also the _ integral limits may be changed to _/2 and the resultant-

integral multiplied by 4

A= 1 _sin3@d@ fo T_/2 cos2_dg
o cos2_ sln20(1-_ + Obln20+ _os2@

(A-3)

Consider the special case @ ffii

Then

A sin3e d0

o sin2e + _cos20

"/2

_0

! r _ sln30 d0

4 Jo cos2e(8 -I) + i

(A-4)

In the very apeclal case for _ ffi8ffiI, then

1 ]nsin3Ode 1 co x I- =_ --- cosx = /___
Affi4 o o

For 8 < 1 introduce sln20 = l-cos20 in equation (A-4)

A _--I F
4_

o

(cos2g.l)sin0dG

cos2g(8-1) + I

' I sin@de

(8-1)cos2Q + I/

4 L(8-1)jo4 o
-sin @d0

I - (I-8) cos20

(A-5)

Letting x = cos@ the integral of equation_-_is of the form

dx

1-(1-8)x 2

A-4
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2(I-B) 4(i-_)

2(z-_)

f,n
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(f,-6)

Return now to the general case of equation _-3)

Let b 2 = sin2@(l -_)

2
a = a sin2@ + Bcos2@

then

_/2

z r_ _ cos2¢ d_A = _ j sln3@d@ 2
o o b2cos2_+ a

2/

I sin3@d@ -- - , d_
= _ b 2 a2o o b2cos2_ +

j_n' 3 i I{ _ . a
1 o sin @d'@ b2 / b 2A = _ a2+

. 'orsln3Od@

-i 2 tan
" tan

_/a 2 +b 2
n12

O

Expressing the variables a and b as functions of @ gives

sin @

O " jsin2e + S cos2e J

A _ I ,F sln2@ + Bc°s2@

= 1-_ " 2(1-cx---'--'_o Jsin2@ + q cos2@

let sin2@ = l-cos2@

sin@d@

A-5
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A _.

z 4_
1-_ 2(1--)

w J I - (_=8) cos2@

o J I - (I-8)cos29

sin@de
(A-7)

Consider the special case of 8 =

then

A = 1-cv 2(1-_)

o _1- (1-,v)cos2@

i f_ _o " l'V_J_-_sln@d9
= i--"_ + 2(i.¢03/2 _. (1-_)cos29

= _/_I+ _ si_I &V_--_cos
]-_v 7.

2(I-_)'2 L J o

I-_, (i.o,)3/2

= 1-@ (1.c03/2 tan1

The general solution of equation (A-O is readily put in the form of an

incomplete elliptic integral of the second kind by letting

x =_'_ cos@ dx = -,/e1"_ sin@d@

< 1"-_1_3 <'2¢_-O i1_c,;) i _=_ J1 (_eV-') x 2A= + " _ (I-_"
/I'_ Jl - x

dx

A-6
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Since the kernel is symmetric about x = 0 the limits can be changed

to go from 0 to/l_ and the sign changed and result doubled.

J then the result is
I B

With k = 2 (I- 8)

1 o;im,
A" - (I-_) Z

(A-8)

Consider the general solution

E Y

x 2 + y2 + z2
= B

then we wish to evaluate

'rr/2

o o

2 sln_ sln3_ d_de
y

2
C_x2cos2_ sin2e + O2y sin2_sin2G + Oz c°s29

Letting sin2_ = I - cos2_,

2 2

_ = _.L. 8 = ._%_z
2 ' 2

o" cr
x x

rr/2

=- sin 0 dO
IT

0 0

(l- os2¢) d#
cos2_ sin2e (l-cv) + @sin2e + Bcos2Q

Let a 2 = @sin28 + 8cos29

b 2 = sin2e (i-@)

A-7
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_r/2rr

_ f sln3OdO f

o o

(cos2#- z) d_
b2cos2% + a2

TT

= . =w f sin39d@
o of _b'_- b2cos2_ + a2

- y/2

- _ f sin3ed@ J

o o I I'l a2 + b2 2_ d_

= " _ _o sin30d@_ " a/a' i 2 + b2 L\/5+ J}Jo

B ==

_' sln3@ ! 2 b2 1
.at r a +

b2 I2 o a

d@

r j,w isin2@ + _cds2@ sinSd@
sin @de n,

" 3 (I-_,'-'--'_ + 2(I-,,) o _I sin2@ 8cos28+

letting sln2@ = i - cos2@, integrating first term and re-arranglng

let x

= -___+ _-_ fw -_I-(l-_)cos2e sln@d@

1"@ 2(1-_) o 41 " (_'____8_8)cos29

= _ cos@ dx = - /_ sin@d@

-,/I_ / 2
B = ..__.-_ _ I- x d=

1-_ 2(1-es) /'r_ ,_ (@r-S) 2
/Tr_ z- _(1-_) x

A-8
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Multlply numerator anddenomlnator of integrand by /l:x2 change

limits and multiply by 2

-of _ _ (l-x 2) dxB = 1----_+ (Z-_)i/i:_-_
o _ l.k2x 2

Let numerator = i + I _I - k2x2)- l--k2

then

B

r \ ,2/

z-of (z-=) _z-_ J
o l.k2x 2 2

J. ,2 2_

+_._i l_-x2r,-K x /}dx

/

of
¢1= _ ! "1"

Of 8(_" 1) F_sl/_ ' (X- B-"('l-'_=yT-'_(of-B) .J_(1--i:_-)_

_(i'8) E sl/'_ ",
(_v - B) _v(1-8

1-of lyre-.8 (of..S) (1-ev)(_e-R) _v(1-_

Consider the general solution forC
C = E 2 + y2 + z2

We must evaluate an expression similar to that of the previous case

A-9
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-/2

0 0

cos2@ sined@ d_

2_cos sin29(l-@) + @sin2@ + 8cos2@

WDL-TR2629

Let

2
a = @ sln29 + 82cos29

b 2 = sin2@(l-_)

then the _ integral may be directly integrated giving

C = W cos29slned@ "
o a _a 2 + b _ /a 2 + b 2

_ B _ cos2@ sin@d9

-2- Jo/_,sln2e+ Bcos2e/sl.2e+Bcos2e

o_ cos2@ sln@d@2

_- (=-_)cos2e /i- (l-S)=os2e

- 8 _W cos2@ (- _ sined9)

,1 - cos2e /1 - (1 -t_)cos2e

let x =,,._ cos9 dx = -_ sinede

then

-B
C =

-/"_" _ 2 dx
x

F (!-B)

zv"_:-S V/ o,-B

A-IO
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Changing limits as before and writing numerator in a different

form

C =, "_---. _'/-_.._ _ J" (i " k2x2 "1) dx_,tf-s o /l- k2,,i] 1- x2

The quantities B and C for the two special cases of @ ffiI, and

= 8 are all that remains to be evaluated.

From the previous derivations

- -12

o o

(sln2@) (sln3g)dOd¢

cos2_ sln2e(l-_) + _(sln2g + Bcos2g

and

" -/2

J"1-r
o o

cos2OsinOdOdO

cos2O sln20(1-_) + asin20 + 8cos20

Consider B for _ = 1

A-If



i _'r"12,In2_sln3ed_
B=_,I

o o sin2@ + Bcos2@
J
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T7

1 _ sln3@d@
= _ o sin2@ + 8cos2e

I _ sln3ed@ I I_ sln3Od@
= _ o sln2e + 8cos20 = _ cos2@(8 -I) + I

This has been prevlously solved (see material following equation (A-4))

to give

B i .^, ._ ,.,, a,,3/2 /'S'__a
h_.l-_ 2 "_%_-w/ _. J. - v a.-_/

Consider B for _ = 8

then

0 0

sln2_ sin30 d_dO

cos2_ sln2O(l-_) +

3
-I _ sin @de

_T
0

./2

(¢os2_-i) d_

2 sin2Q<l__)cos ¢ + I

let b 2 = sln_'_)

A-12
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I
U i --

'It

r_sin38d%

0

, sin @de
j _w

o

_,_L-TR2629

7

(b2 + i) I
d_

cos2_ b 2 + i J

tan [ -:-_--

sln@d@ 1 - _sln2@ + I

2(1-@) [oo.I.__,__2(I-_) y _ cos2@ (- sin@d@)
o

letting x = /TL-=@ cos@

=__ ; / 2" @ /_ 1-x dx

I-_ 2(1._)3/2

=1= m -- ÷

1-_ 2(1._)3/2

=. ,_ + ,,rS"
2 (1-,v) 2(1._)3/2

A-13
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Consider the solution for C when _ ffiI

o sln2Q + Bcos2e _ (l-8)cos2e - i

= "_(1-S) (1.B)cos2e .

letting x = /_B cos_ and integrating out the first term

-B
(1-_)

1,/i---8

2(1"8) 3/2 _ l'x2

-S B
I 0 "_ n-

--_ 2(1.B)-,/z
II !l+x

"I _/_---_

I -vl-_

= l-S 2(z-s)_ ,,n l -

Consider solution for C when 8 " _

then

_ _/2 cos2e slned,e d_
C =_ o o cos2_ sln2e(l-_) +

b 2 = sln2e(l-@)

A-14
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= -- co O sln@dO
1"r

o

w/2 d

cos2_(_ 2) + 2
,El.

= '_ cos2g slngd@
0 I ii .....2 b 2m a +

= /_ _ cos2e sin@ de
2

o _+ sin2.(1._v)

C cos2@ sin@ de
= _2 _1 - cos2@(l-_)

let x =/_=_cos@ dx = -_----_ sine de

C m m 2 dx
x

7r_'_ 3/2 _/1 - x 2
2(1-_) II--'-_

2(l-_) 3/2
I-x 1+ _ ,GI x J l_--_

./

-_' + _ tj,I(_
2 (I-_) 2(1-_) 312 \ ,/_

)

A-15
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SUMMARY OF SOLUTIONS

% -- \%/ =_

_ 2_+ +
.X

A = E 2 y2 z2 x 2 h / 2
z

¥ C=E(' 2 2
B = E 2 +y2 + z / ,,x +y2 + z,

Case I _ " 8 = 1

Solution A = B = C = I/3

Case_.___22 _ = I, _ < I

A m B = 1 . . B

2(Z-B) 4 (l-B) 3/2

c="--L +_.L_ ._nl_-+ t,/_----_\)
(1-8) 2(1.8)3/2 /_L--_

=I-2A

Case...._.3.._..3 :=B, <l

I
A _ _ m

3/2
(l-_)

B = C =

2 (l-a,) 2(1-,v)3/2

I-A
m

2
A-16
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Case 4 i > _ > 8

with x = cosl_, k =_

I
A '=--

-_ -BF
B =--

1-_ ,/_(_-e._

3/2

F(x.k) + _v _ E(x,k)
(1-_) (_)

E(x,k) - F(x,k)J

C=I-A-B

One should note that

(:2 2x +E Y + E z

A + B + C = E 2 + y2 + z2 2 + y2 + z2 . 2 + y2 + z '

= !=+_S.f+= p (x ,y, z) dxdydz

= i by definition

Thus one may reduce the number of functions which must be evaluated

to compute V--]v

A-17
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APPENDIXB

MEASUREMENTGRADIENT

This appendix presents derivations of the gradient of the measure-

ments, H, with respect to the vehicle state. The measurementswhich are

considered are those which were used in the study. They include range,

range-rate, azimuth, elevation, theodolite, sextant and subtended angle•

B. 1 RANGE MEASUREMENT (FIGURE B-I)

RANGE " IRI " r = (R.R) I/2 = (RTR) I/2 (B-l)

The gradient is: Hr" (vxr; V_ r) (B-2)

V (RTR) I/2 . RTv xR

x IRl
V r = (B-3)

x

Since V R = I V r =_T
x x (B-4)

RT
V r = V_ R t_

• k_-j2

x -Vr-

Since ? .R _ 0 V .r = 0 (B-6)
X x

Therefore H r ; O) (B-7)

B.2 RANGE-RATE MEASUREMENT (FIGURE B-I)

RANGE RATE ", _ = R-_ " T_ (B-8)

The gradient is: H9 m (V x _ ; _7_r )

x x x 7 x R

(B-9)

(B-IO)

B-I

_HILCO. WDL DIVISION
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Since V _ = 0 and ?
x

A

R- I
x _ (I - RR T)

.T
x

Vx 9 = _ (I - _T)

V r _T v _ + _T= V_R

(B-II)

(B-12)

(B-13)

A

•X = I and V_R " 0Since _x

Therefore H. =
r

B.3SEXTANTSTAR-PlANETANGLEMEASUREMENT(FIGUREB-2)

co._" _'_= _T_

(B-14)

(B-15)

(B-16)

(B-17)

The gradient is H _ = (Vx _ ; ?_ )
(

Vx x

- sin_ V
x

Since VxP = _ I

s,
DX G= - IPlsin_

A

o_-_sTv_;+_ Vxs

and V S = 0
x

_ I
Therefore H c_ = "[_

.I

I ®_I

(B-IS)

(B-19)

(B-20)

(B-21)

(B-22)

(B-23)

(B-24)

B-2
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This result is of interest because it can be extended to represent any

angular measurement with the proper definition of the P and S vectors.

B.4 AZIMUTH MEASUREMENT (FIGURE B-3)

Making the substitution of the vectors shown in figure B-3 into

Equation (B-24) yields:

1 R'@N
= - ® R' ; 0

HAZ L @
(B-25)

B.5 ELEVATION MEA,SUR_4ENT (FIGURE B-3)

Making the vector substitutions in (B-24) yields:

(B-26)

The RA and DEC measurements with a theodolite have the same form of

gradient as (B-25) and (B-26) with the north reference direction and the

local horizontal plane (Figure B-3) replaced by an inertial reference

direction and the platform reference plane.

B. 6 SUBTENDED ANGLE RANGE MEASUREMENT ( FIGURE B-4)

B RAD

sin --_ = (RTR) I/2"

The gradient is H_- ( Vx_;V _)

Vx sin -_ "VX

PAD

(RTR) X/2"

(B-2 7)

(B-28)

B-3
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1/2 cos

_T
PAD R

_,, IR I 2----_ V x (B-29)

V X
p

2 Ta,n _/2

IRl_R T (B-3o)

v.fl- o
x

(B-31)

Therefore H 2 Tan /3/2 1IN[ _T 0 (B- 32)

B-4

HILCO.
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APPENDIX C

INTERPLANETARY TRAJECTORIES

This appendix presents a description of the four interplanetary

trajectories which have been used in this study. The trajectories are:

(i) Nominal high-energy Earth-Mars, (2) Direct-return Mars-Earth, (3)

Low-energy Earth-Mars, and (4) Venus Swingby return. The data which are

shown are in Earth equator and equinox of 1950 coordinates. Ecliptic pro-

jections of the trajectories are shown in Figures C-I through C-4.

C.I NOMINAL HIGH-ENERGY EARTH-MARS TRAJECTORY

This trajectory (Figure C-I) has a launch date of i0 February 1975,

i hours, 32 minutes, 28.629 seconds, with a park orbit length of 1736.518

seconds.

Earth-Centered Sun-Centered _rs=Centered

Conic Conic Conic

(Injection) (Patch) (Patch)

Date i0 February 1975 i0 February 1975 I0 October 1975

Fractional Date 2hlm25.147 s 23h43.m'24.812s 21h35m48.596 s

x (km) -0.51940523+04 -0.11441701+09 -0.44850600+06

y -0.33714096+04 0.84261958+08 0.27226599+06

z -0.21758862+04 0.36545250+08 0.20978100+06

(km/sec) 0.97623321+01 -0.95000336+01 0.43146753+01

-0.11540529+02 -0.27582250+02 -0.26728354+01

-0.5422576+01 -0.1185094+02 -0.20487671+01

The trajectory has a radius of closest approach at Mars of 38600 km

(500 km altitude). It passes Mars on the Sun light side near the ecliptic

plane. The flight time is 235 days.

C-l
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C.2 DIRECT-RETURN MARS-EARTH TRAJECTORY

This trajectory (Figure C-2) is the return trajectory which leaves

Mars 40 days after the arrival of the nominal high-energy trajectory.

Mars-Centered Sun-Centered Earth-Centered

Conic Conic Conic

(Injection) (Patch) (Patch)

Date 12 November 1975 13 November 1975 3 September 1976

Fractional Date loh47m26.241 s 19h41m18.707 s 5h4m57.839 s

x (km) -0.34075300+04 0.91568038+08 -0.88066700+06

y -0.18867350+04 0.18887866+09 0.27005599+06

z -0. 66730232+03 0.84164875+08 0.84061749+05

x (km/sec) O. 32159301+01 -0.17725844+02 0.99308927+01

-0.48195511+01 0.80037536+01 -0.30949005+01

z -0. 32001703+01 0. 3498172+01 -0. 10445975+01

The trajectory has a perigee radius of 6442 km (76 km altitude)•

Perigee is at a latitude of -59.98 degrees and longitude of 223.06 degrees.

The flight time is 296 days 18 hours.

C-2
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C.3 LOW-ENERGY EARTH-MARS TRAjECTORY

This trajectory (Figure C-3) has a launch date of 16 September 1975,

15 hours, 43 minutes, 45.774 seconds with a park orbit length of 2108.507

seconds.

Earth-Centered Sun-Centered Mars-Centered

Conic Conic Conic

(Injection) (Patch) (Patch)

Date

Fractional Date

16 September 1975

16h18m54.280 s

18 September 1975 13 March 1976

22h25m58.745 s 8h52mso.544s

x (kin) 0. 29018053+04 0.14996085+09 0.16526200+06

y -0.36250747+04 -0. 11305100+08 0.51892199+06

Z -0.46386877+04 -0.45878474+07 -0.15034200+06

(km/sec) 0.10323948+02 0.31401292+01 -0. '_n_°=_1

y 0.54134400+01 0.30343401+02 0.45550116+01

z 0.22277772+01 0.14721659+02 0.12999684+O1

The trajectory has a radius of closest approach at Mars of 3866 km

(506 km altitude). It passes Mars on the sun light side near the ecliptic

plane. The flight time is 180 days.

C-3
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C.4 VENUS SWINGBY RETURN TRAJECTORY

This trajectory (Figure C-4) is the return trajectory which uses

Venus as an intermediate body. The trajectory is presented in two parts --

Mars-Venus and Venus-Earth.

MARS-VENUS TRAJECTORY

Mars-Centered Sun-Centered Venus-Centered

Conic Conic Conic

(Injection) (Patch) (Patch)

Date 17 March 1976 18 March 1976 2 October 1976

Fractional Date lh49m57.120 s 9h34m43.369m 10hllm6.046 s

x (kln) 0.17969313+03 -0.14681165+09 -0.37369350+06

y -0.35024405+04 0.17784405+09 -0.43777800+06

Z -0.16125196+04 0. 85612638+08 -0. 21971449+O6

:_ (km/sec) 0. 67743930+01 -0.13848957+02 0.66815886+01

0.17013941-01 -0.i0114000+02 0.75653162+01

0.32651396-00 -0.39254735+01 0.38212271+01

The trajectory has a radius of closest approach to Venus of 7478Km. It

passes the planet near the ecliptic on the dark side. The trajectory has a

flight time of 200 days.

C-4
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VENUS-EARTH TRAJECTORY

Venus-Centered Sun-Centered Earth-Centered

Conic Conic Conic

(Closest Approach) (Patch) (Patch)

Date 3 October 1976 3 October 1976 9 March 1977

Fractional Date lhs0m10.583 s 17h24m48.435 s 20h53m6.529 s

x (km) 0.68684836+04 -0.18490072+08 -0.58701999+05

y -0.29227867+04 -0.97547584+08 -0.84728450+06

Z -0.44976045+03 -0.42663465+08 -0.36641487+06

.. ,,_t.^__ n 55811975+O-1 O. 95807143+02 O. 35199869-00

Q

y O. 10396058+02 0. 40184393+01 0. 45016639+01

Q

Z 0. 80025092+01 0. 17794444+01 0. 18674508+01

The trajectory has a perigee radius of 6402 km: Perigee is at a

latitude of -16.2 degrees and a longitude of 270 degrees. The flight time

is 160 days.
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Figure C-I Ecliptic Projection, Earth-Mars Trajectory
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Figure C-2 Ecliptic Projection, Mars-Earth Trajectory
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Figure C-3 Ecliptic Projection, Earth-Mars Trajectory

C-8

'HILCO. WDL DIVISION



WDL-TR2629

Ecliptic of Date
Coordinate s

Mars Mars Orbit

Mar. 17, 1976 _\

V I = 6.7 tCm/Sec

=ZZ.lK._/_c / I _ \ _ \

t ''t'/ "l")'/ /
"_ssssS arth Orbit

"_ Venus/ I Venus Orbit

. 3, 1976

Figure C-4 Ecliptic Projection, Mars-Venus-Earth Trajectory
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APPENDIX D

DERIVATION OF ORBITAL EL_[ENT GRADIENTS

This appendix contains the derivation of the orbital element gradients

with respect to position and velocity state space. The orbital elements

considered are those used in the PCEP Program: a, e, q,[_, i, and _. The

gradients for a, e, and q are identical to those listed in Reference 1

(IEPP). The gradients for _, i, and _ have been re-derived.

All gradients are listed below:

C V2R -_r_ T R + h___ _1

I _ [ ] R21v2RI'_T i ._q2

KT(a)
2a ,,3

• HT(_)

HT(i)
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where

g_ = True Anomaly: R =

h2
a

1 + • cos

where: C3 = - _a = V2 " 2-'FR

A _ A unit vector along the line of ascending node
- IPl

li e_-) _x____.__-_'e ' "

Gradient operations are defined as

A M

where i- xti + x22+ x33
°rid _- itt+ _2 + i33
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A A A

X, Y, Z are unit vectors deflnln8 the reference coordinate system.

is a unit vector in the dlrectlcmof the veloclty vector.

Is a unit vector in the direction of the radius vector.

The quantity I®1 is defined to be the skew-sy_etrlc cross-product

matrix. For exa_le: [I_ 1

== 0 -

It I
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